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Abstract

This paper addresses the following question: Let X be a tropical
curve and let G be a finite subgroup of the automorphism group of
X. Let D be a divisor and assume that its equivalence class [D] is
G-invariant.

Question: Is there always a D' € [D] which is G-invariant?

This was answered by Goldstein, Guralnick, and Joyner [GGJ]
in the case of an irreducible algebraic curve over an algebraically
closed field. We try to extend the arguments of [GGJ] to the tropical
case. For instance, in the tropical case, we prove a tropical analog of
Hilbert’s Theorem 90. For our main result, we show that the answer
to the above question is “yes” for all tropical curves.

1 Introduction

Let X be a connected tropical curve and let G denote a (finite) subgroup of
the automorphism group of X.

Let T = R U {%o00}.

Let M(X) denote the (tropical) ring of rational functions on X, i.e., con-
tinuous piecewise-linear T-valued functions with integral slopes. Let M (X)*
denote those functions which are not equal to 00 on any part.

Let Div(X) denote the group of divisors (the free abelian group generated
by the points of X) and call its elements the divisor classes of X. Define the
map div : M (X)* — Div(X) by div(f) = > pcy ordp(f) - P, where ordp(f)

is the sum of all slopes of f for all edges emanating from P. Let



div : M(X)* — Div(X),

let Prin(X) = div(M(X)*) denote the subgroup of principal divisors, and let
Pic(X) = Div(X)/Prin(X) denote the Picard group of S-divisor classes. The
quotient map Div(X) — Pic(X) is sometimes denoted D — [D].

For background on tropical rings, see for example Mikhalkin [M1].

Lemma 1 (“Linear independence of characters”) Let S C G be any non-
empty subset, provided with a fized ordering. For any (c, | g € S) € M(X)?,
cg invertible, there is an f € M(X) such that

> coglf)

ges

18 1nwvertible.

We cannot follow the argument of Dedekind (who proved this first in
the case of fields, as in Rotman [R], Proposition 4.30), since for the tropical
algebra M (X)) the cancellation law for addition fails.

proof: This is actully an easy and strightforward consequence of the
definitions. [J

2 Cohomology

The basic idea is to use group cohomology to attack this question. For
background on cohomology, we reference Serre [S], ch. VII, or the survey [J].
Let S be a slope group and let M = M(X)*. The group G acts on the
(tropical-multiplicative) abelian group M via its action on X.
Recall that the 1-cocycles on G with coefficients in M are defined by

ZNG,M)={f:G— M |Vg,9: € G, flg1)g1f(92) = f(9192)},

the 1-coboundaries by

BYG,M)={f:G—M|3ImeM:VYged, f(g)=gm-m '},

and the 1-cohomology by



HY(G, M) = Z"(G,M)/B" (G, M).
The following result is roughly analogous to Hilbert’s Theorem 90.

Proposition 2 H(G, M(X)*) = 0.

proof: Let M = M(X)* and pick f € ZY(G,M). We assume for this
proof that there is a ¢ € M such that y = deG f(g)g(o) is invertible.
(Over a field this is the “linear independence of characters.”) We compute

= hf(ghg(e) = f(h)" f(hg)hg(d) = F(h)'y.
geG geG
Therefore a cocycle is a coboundary. [J

Here is a proof that H' (G, M(X)u ® Q) = 0.

Let M = M(X)! ® Q, f € Z'(G, M) represent a class in H' (G, M), so f(g) = f(g9z)gf(z)~'. Taking the product
over all x € @, this implies f(g)lG‘ = (Ipeg f(@) - 9(Ilzca f(x))~!. Taking (tropical) |G|-th roots (since we’ve
tensored by Q taking |G|-th roots is allowed), f(g) = m - gm™ !, where m = [Meca f@)/ G ¢ ]MZ(\G\)(X)n' This
implies f(g)f1 S BI(G, M). Since BY(G, M) is an abelian group, f(g) € B'(G, M), so the class which f represents is

trivial.
Lemma 3 We have a short exact sequence of Z|G]-modules,

0—R®Z— M(X)" — Prin(X) — 0,

where d is the number of leaves minus the number of non-terminal vertices
adjacent to a leaf.

Remark 1 o [f X is compact then d = 0.

o This is the tropical analog of the well-known short exact sequences

1 — F* — F(X)* — Prin(X) — 0,

for an irreducible non-singular algebraic curve X over an algebraically

closed field F.



proof: The order of a function f at a point is the sum of the outgoing
slopes. So for f to be in the kernel, it must have the the sum of the slopes
at each point equal to 0.

First, look at the metric graph of X without its leaves. This is a compact
set, so f must take a maximum or minimum somewhere. But at the point
where the minimum is attained, all outgoing slopes are greater than or equal
to 0. Therefore, f must be constant on this part of the graph.

Second, if there multiple leaves at one vertex then the slope of f must
sum to 0 at that vertex. Otherwise, the slopes can be arbitrary. [J

Recall that the 2-cocycles on G with coefficients in M are defined by

Z2(G7M) = {f : G X G - M | vgl7927g3 S Gv
911(92,93) (9192, 93) " (91, 9293) [ (91, 92) 1 = 1},

the 2-coboundaries! by

B(GM)={f:GxG—-M|3h:G— M :
Vgi,92 € G, f(91,92) = h(91)91h(92)h(9192)_1},

and the 2-cohomology by
H*(G, M) = Z*(G,M)/B*(G, M).
By definition, we have a short exact sequence

0 — Prin(X) — Div(X) — Pic(X) — 0,

as Z[G]-modules. The covariant functor of G-invariants, M — HY(G, M) =
M€ is left exact. Therefore, for M = M(X)* we have

1— H'(G,Ra 7% — H(G, M) — H(G, Prin(X))
— HY(G,R® 2% — HY(G, M) — H'(G,Prin(X)) — (1)
H*(G,R® S — H*(G, M) — H*(G,Prin(X)) — ...,

and

Tt is straightforward to check that B*(G, M) C Z?(G, M).



0 — H°(G,Prin(X)) — H°(G,Div(X)) — H°(G, Pic(X))

— HY(G,Prin(X)) — H'(G,Div(X)) — H'(G,Pic(X)) — ... . @)

The following result is a corollary of Proposition 2.
Corollary 4 For M = M(X)* we have exact sequences

0— (ReZH% - MY — Prin(X)Y — HY(G,R® Z%) — 0

and

0 — H'(G,Prin(X)) — H*(G,RpZ) — ... .

3 Tropical curves

Let X be a connected tropical curve. The following computation will not be
needed for our main result.

Proposition 5 H'(G,Div(X)) = 0.

Remark 2 e The analogous result for algebraic curves is proven in [GGJ]
and the proof below follows the same idea.

e Much of the proof below (but not all) goes through for H*(G,Div(X))
as well.

proof: Let GX denote the set of all orbits of points of X under the action
of G. Let GX/G denote a complete set of representatives in X of these orbits.
For each P € X, let Gp = {g € G | gP = P} denote its stabilizer. We have
a direct sum decomposition

DIV(X) = @PGGX/G @gGG/GP Z[gP]

Let
Xyam ={P € X | Gp # 1},

Xunram - {P eX | GP = 1}



Let Div(X),am and Div(X)ynrem denote the corresponding Z[G|-submodules
of Div(X), so Div(X) = Div(X)unram ® Div(X)am. (Unlike for the algebraic
curve analog, Div(X),q, can have infinite rank.)

We have

DiV(X)unram = EBPE(GX/G)unmm EBgEG Z[QP]
= Dgec PPe(@X/Cunram LI9P],

50 Div(X)unram is induced in the sense of Serre [S], page 110. This implies
HY (G, Div(X)ynram) = 0, by Prop. 1 in §VIL.2 of [S].

Recall H'(G,L; & Ly) = HY G, L,) ® H' (G, Ly), for any G-modules
Ly, Ly. Suppose that H' (G, Div(X),em) # 0 and let f € ZY (G, Div(X),am)
denote a non-trivial cocycle. Since G is finite, f is supported on finitely
many points. Let P denote the G-orbit of these points and let L denote the
sublattice of Div(X),.m generated by P. There is no harm in assuming that
G is transitive on the basis of L (L is a direct sum of such lattices). So, let
L = ®yeq/apZlgP), for some P € GX/G. So L = ind§(Z), where H =~ Gp
is the stabilizer of one of the basis elements. Here GG acts on the induced
module

indG(Z) ={f: G —Z| f(hg) = hf(g), Vhe H, g€ G},

which are just the Z-valued functions on H\G, by right multiplication. By
Shapiro’s Lemma (Shatz [Sh], Theorem 8, page 31), H(G,ind%(Z)) =
H'(H,Z). Now H'(H,Z) = Hom(H,Z) = 0, since H is finite. [J

Corollary 6 The map

Pic(X)Y = HY(G,Pic(X)) — H'(G,Prin(X))
18 surjective.

Remark 3 Claim: If G is abelian then H*(G, M(X)* @ Q) is trivial.

proof of claim: First, assume G is cyclic and let M = M(X)*® Q. Then
H?*(G,M) = M%/NM, where N : M — M is the norm map. Since (tropical)
|G|-th roots in M always exist, N is surjective, so H*(G, M) is trivial in this
case.

In general, G is a product of cyclic groups. In this case, the result follows
by induction and the inflation-restriction sequence 0 — H?(G/H, A") —
H?*(G,A) — H*(H,A). O



Remark 4 e In the case of an algebraic curve, H*(G, F*(X))) = 1 by
Tsen’s theorem (a function field over an algebraically closed field is a
C! field; see the Corollaries on pages 96 and 109 of Shatz [Sh], or §/
and §7 of chapter X in [S]). An analog of Tsen’s theorem for tropical
curves would be the computation of H*(G, M (X)*). Such an analog, if
it exists, would be very interesting and useful.

e In the case of an algebraic curve, H'(G, F(X)*) = 1, by Hilbert’s The-
orem 90. A tropical curve analog of Hilbert’s Theorem 90 is Proposition

2.

Proposition 7 H*(G,R & Z%) = H?*(G,Z)", where r is the number of re-
duced orbits of G on the set of leaves of X.

In particular, if X is compact then H?(G,R @ Z%) = 0.

proof: By Rotman [R] Proposition 10.119, we have |G|-H?*(G, R®Z?) = 0.
Since RGZ? is torsion-free, this means that if f € Z2(G, R®Z?) then |G|- f €
B?(G,R®Z%). Since Z¢ is, as a G-module, the direct sum of  induced mod-
ules, each of the form ind% (Z), by Shapiro’s lemma, H?(G,Z%) = H*(G,Z)".
O

Corollary 8 H'(G,Prin(X)) = 0.

proof: The tropical curve decomposes into a disjoint union of a compact
tropical curve X, and it’s leaves X,.. The G-action respects this decompo-
sition, and moreover, as G-modules, we have

Prin(X) = Prin(X.) @ Prin(X,.).

Since on the leaves, all divisors are principal, we have (as a corollary of the
proof of Proposition 5), H'(G, Prin(X,.)) = 0. On the other hand, in the
compact case, we have H'(G, Prin(X,)) = 0, due to previous Proposition [7|
and Corollary/4. Since H'(G,Prin(X)) = H*(G, Prin(X,))®H' (G, Prin(X,.)),
the result follows. [

The following is our main result and implies that the answer to the ques-
tion raised in the introduction is “yes” for all tropical curves.

Theorem 9 If X is compact then
Divg(X)® — Picg(X)“

18 surjective



proof: By the above corollary, H'(G,Prin(X)) = 0. The result now
follows from (2). O

Consider Pic’(X), the subgroup of Pic(X) of degree 0 divisors (i.e. the Ja-
cobian). The degree map deg defined on Div(X) factors through Pic(X). Let
B be deg(Div(X)%). We identify this with a subgroup of S = Pic(X)/Pic’(X).
Clearly, B contains |G| - Z and may be bigger.

The analog of Proposition |5 is the following result.

Lemma 10 H'(G,Div’(X)) 2 Z/B and B = bZ, where b = min {|G|/|I| | I C
G a stabilizer subgroup}.

Remark 5 The analogous result for algebraic curves is also true and the
proof below, is basically the same argument as that given in [GGJ].

proof: First, we prove the isomorphism. Consider the sequence 0 —
Div’(X) — Div(X) — Z — 0. The map from Div(X) to Z is deg. Using
Proposition 5/ yields:

(0 — Div(X)Y —) Div(X)¥ — Z — H*(G,Div’(X)) — 0,

as asserted.

Now we prove the claim about B. Observe that the smallest possible
degree of a divisor fixed by G is the size of the smallest orbit of G acting
on X. Since each inertia group [ is the stabilizer of a point P, the orbit of
P under G is in one-to-one correspondence with G/I. Therefore, the size of
the smallest possible degree of a divisor fixed by G is equal to the minimum
of the |G|/|I], as I ranges over all the inertia subgroups. Since d(Div(X)%)
is an abelian group, this proves the claim. [J

Now consider the short exact sequence

0 — Prin(X) — Div’(X) — Pic’(X) — 0.
Taking fixed points leads to the long exact sequence for cohomology:

0 — Prin(X)¢ — Div’(X)% % Pic’(X)% —
HY(G,Prin(X)) — H(G,Div’(X)) — HY(G,Pic’(X)).
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