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A primer on computational group homology and cohomology
using GAP and Sage

D. Joyner

Department of Mathematics,
United States Naval Academy,
Annapolis, MD 21402
wdj@usna.edu

Dedicated to my friend and colleague Tony Gaglione on the occasion
of his sixtieth birthday.

These are expanded lecture notes of a series of expository talks survey-
ing basic aspects of group cohomology and homology. They were written for
someone who has had a first course in graduate algebra but no background
in cohomology. You should know the definition of a (left) module over a
(non-commutative) ring, what Z[G] is (where G is a group written multi-
plicatively and Z denotes the integers), and some ring theory and group
theory. However, an attempt has been made to (a) keep the presentation
as simple as possible, (b) either provide an explicit reference or proof of
everything.

Several computer algebra packages are used to illustrate the computa-
tions, though for various reasons we have focused on the free, open source
packages, such as GAP [10] and Sage [20] (which includes GAP). In partic-
ular, Graham Ellis generously allowed extensive use of his HAP [7] docu-
mentation (which is sometimes copied almost verbatim) in the presentation
below. Some interesting work not included in this (incomplete) survey is
(for example) that of Marcus Bishop [2], Jon Carlson [4] (in MAGMA),
David Green [12] (in C), Pierre Guillot [13] (in GAP, C++, and Sage), and
Marc Réder [16].

Though Graham Ellis’ HAP package (and Marc Roder’s add-on HAPcryst
[16]) can compute comhomology and homology of some infinite groups, the
computational examples given below are for finite groups only.
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1. Introduction

First, some words of motivation.

Let G be a group and A a G-module*.

Let A® denote the largest submodule of A on which G acts trivially.
Let us begin by asking ourselves the following natural question.

Question: Suppose A is a submodule of a G-module B and x is an
arbitrary G-fixed element of B/A. Is there an element b in BY (fixed by G)
which maps onto x under the quotient map?

The answer to this question can be formulated in terms of group co-
homology. (“Yes”, if H*(G,A) = 0.) The details, given below, will help
motivate the introduction of group cohomology.

Let Ag is the largest quotient module of A on which G acts trivially.
Next, we ask ourselves the following analogous question.

Question: Suppose A is a submodule of a G-module B and b is an
arbitrary element of Bg which maps to 0 under the natural map Bg —
(B/A)¢-. Is there an element a in Ag which maps onto b under the inclusion
map?

The answer to this question can be formulated in terms of group homol-
ogy. (“Yes”, if Hy(G, A) = 0.) The details, given below, will help motivate
the introduction of group homology.

Group cohomology arises as the right higher derived functor for A —
A%. The cohomology groups of G with coefficients in A are defined
by

(See §4 below for more details.) These groups were first introduced in 1943
by S. Eilenberg and S. MacLane [6]. The functor A — A% on the category
of left G-modules is additive and left exact. This implies that if

0— A—-B—C—0

is an exact sequence of G-modules then we have a long exact sequence
of cohomology

0— A°—=B% - 0% —» HY(G,A) — (1)
HY(G,B) — HY(G,C) — H*(G,A) — ...

*We call an abelian group A (written additively) which is a left Z[G]-module a G-
module.
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Similarly, group homology arises as the left higher derived functor for
A —— Ag. The homology groups of G with coefficients in A are
defined by

H,(G, A) = Tor 2I¢(z, A).

(See §5 below for more details.) The functor A — Ag on the category of
left G-modules is additive and right exact. This implies that if

0— A—B—C—0

is an exact sequence of G-modules then we have a long exact sequence
of homology

- — Hy(G,C) — H1(G,A) - Hi(G,B) — @)
H,(G,C) — Ag — Bg — Cg — 0.

Here we will define both cohomology H"(G, A) and homology H, (G, A)
using projective resolutions and the higher derived functors Ext ™ and Tor ,,.
We “compute” these when G is a finite cyclic group. We also give various
functorial properties, such as corestriction, inflation, restriction, and trans-
fer. Since some of these cohomology groups can be computed with the help
of computer algebra systems, we also include some discussion of how to
use computers to compute them. We include several applications to group
theory.

One can also define H(G, A), H?(G, A), ..., by explicitly construct-
ing cocycles and coboundaries. Similarly, one can also define H;(G, A),
Hy(G, A), ..., by explicitly constructing cycles and boundaries. For the
proof that these constructions yield the same groups, see Rotman [17, chap-
ter 10].

For the general outline, we follow §7 in chapter 10 of [17] on homology.
For some details, we follow Brown [3], Serre [18] or Weiss [21].

For a recent expository account of this topic, see for example Adem [1].
Another good reference is Brown [3].

2. Differential groups

In this section cohomology and homology are viewed in the same framework.
This “differential groups” idea was introduced by Cartan and Eilenberg [5,
chapter IV], and developed in R. Godement [11, chapitre 1, §2]. However,
we shall follow Weiss [21, chapter 1].
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2.1. Definitions

A differential group is a pair (L, d), L an abelian group and d: L — L a
homomorphism such that d?> = 0. We call d a differential operator. The
group

H(L) = Kernel (d) /Image (d)

is the derived group of (L,d). If

L= EB%O:—ooLn

then we call L graded. Suppose d (more precisely, d|r,,, ) satisfies, in addi-
tion, for some fixed r # 0,

d:L,— Lpyr, necZ.

We say d is compatible with the grading provided r = £1. In this case,
we call (L,d,r) a graded differential group. As we shall see, the case
r = 1 corresponds to cohomology and the the case r = —1 corresponds
to homology. Indeed, if » = 1 then we call (L,d,r) a (differential) group
of cohomology type and if r = —1 then we call (L,d,r) a group of
homology type. Note that if L = @52 _ L, is a group of cohomology
type then L' = @22 _ L is a group of homology type, where L} = L_,,
for all n € Z.

For the impatient: For cohomology, we shall eventually take

L = ®,Homg (X, A),

where the X,, form a chain complex (with +1 grading) determined by
a certain type of resolution. The group H(L) is an abbreviation for
®nExt Q[G] (Z, A). For homology, we shall eventually take L = ©,Z ®z|¢q
X,,where the X,, form a chain complex (with —1 grading) determined
by a certain type of resolution. The group H(L) is an abbreviation for
&, Tor 21! (Z,A).
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Let (L,d) = (L,dr) and (M,d) = (M, dy) be differential groups (to be
more precise, we should use different symbols for the differential operators
of L and M but, for notational simplicity, we use the same symbol and
hope the context removes any ambiguity). A homomorphism f : L — M
satisfying do f = f od will be called admissible. For any n € Z, we define
nf: L — Mby (nf)(z) =n- f(x) = f(z)+ -+ f(z) (n times). If f
is admissible then so is nf, for any n € Z. An admissible map f gives
rise to a map of derived groups: define the map f, : H(L) — H(M), by
fe(x +dL) = f(x) +dM, for all z € L.

2.2. Properties

Let f be an admissible map as above.

(1) The map f. : H(L) — H(M) is a homomorphism.

(2) If f: L > M and g : L — M are admissible, then so is f + g and we
have (f + ¢)« = f« + g«

(3) If f:L— M and g: M — N are admissible thensoisgo f: L — N
and we have (go f). = g« 0 fe.

(4) 1t

0-L5MLNS0 (3)
is an exact sequence of differential groups with admissible maps 4, j then

there is a homomorphism d, : H(N) — H(L) for which the following
triangle is exact:

H(L)

T
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(6)

This diagram’ encodes both the long exact sequence of cohomology (1)
and the long exact sequence of homology (2).

Here is the construction of d.:

Recall H(N) = Kernel (d) /Image (d), so any x € H(N) is represented
by an n € N with dn = 0. Since j is surjective, there is an m € M
such that j(m) = n. Since j is admissible and the sequence is exact,
j(dm) =d(j(m)) = dn =0, so dm € Kernel (j) = Image (¢). Therefore,
there is an £ € L such that dm = i(¢). Define d.(z) to be the class of £
in H(L), i.e., dy(x) = £+ dL.

Here’s the verification that d, is well-defined:

We must show that if we defined instead d.(z) = ¢’ + dL, some ¢’ € L,
then ¢/ — ¢ € dL. Pull back the above n € N with dn = 0 to an
m € M such that j(m) = n. As above, there is an ¢ € L such that
dm = i(¢). Represent © € H(N) by an n’ € N, so = n’ + dN and
dn’ = 0. Pull back this n’ to an m’ € M such that j(m’) = n/. As
above, there is an ¢’ € L such that dm’ = i(¢'). We know n’ —n € dN,
son’ —n = dn”, some n” € N. Let j(m"”) = n”, some m"” € M, so
jm'—=m—dm”) =n' =n—j(dm") =n'—n—-dj(m”) = n'—n—dn” = 0.
Since the sequence L — M — N is exact, this implies there is an £y € L
such that i(¢y) = m’ —m — dm”. But di({y) = i(dly) = dm’ —dm =
i) —i(l) =i(l' — L), s0 ' — ¢ € dL.

If M = L& N then H(M) = H(L) & H(N).

proof: To avoid ambiguity, for the moment, let dx denote the differen-
tial operator on X, where X € {L, M, N}. In the notation of (3), j is
projection and i is inclusion. Since both are admissible, we know that
dpr|r = dy, and dpr|y = dy. Note that H(X) C X, for any differential
group X, so H(M) = H(M)NL® H(M)NN C H(L) ® H(N). It
follows from this that that d, = 0. From the exactness of the triangle
(4), it therefore follows that this inclusion is an equality.

O

Let L, L', M, M’', N, N’ be differential groups. If

0 L d M J N 0
fl gl hl (5)
0 L 3 N 0

TThis is a special case of Théoréme 2.1.1 in [11].
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is a commutative diagram of exact sequences with 7,4, 7,5, f, g, h all
admissible then

commutes,

commutes, and

H(N) —— H(L)

N
H(N'Y —— H(L)
commutes.
This is a case of Theorem 1.1.3 in [21] and of Théoréme 2.1.1 in [11].
The proofs that the first two squares commute are similar, so we only
verify one and leave the other to the reader. By assumption, (5) com-
mutes and all the maps are admissible. Representing x € H(M) by
r =m + dM, we have

hiji(@) = hi(j(m) + dN) = hj(m) + dN' = gi'(m) + dN'
= g:(i'(m) + dM’) = g,i’.(m + dM) = g, (),
as desired.
The proof that the last square commutes is a little different than this,
so we prove this too. Represent © € H(N) by © = n+ dN with dn =0
and recall that d.(v) = ¢+dL, where dm = i(£), ¢ € L, where j(m) = n,
for m € M. We have

fudi () = fu(0+dL) = f(£) +dL'.
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On the other hand,

dyho(z) = du(h(n) + dN') = ¢’ + dL’,

for some ¢’ € L'. Since h(n) € N’, by the commutativity of (5) and the
definition of d., ¢’ € L' is an element such that ¢'(¢) = gi(¢). Since ¢’ is
injective, this condition on ¢’ determines it uniquely mod dL’. By the
commutativity of (5), we may take ¢/ = f(¥).

Let L, L', M, M’', N, N’ be differential graded groups with grading
+1 (i.e., of “cohomology type”). Suppose that we have a commutative
diagram, with all maps admissible and all rows exact as in (5). Then
the following diagram is commutative and has exact rows:

. ——— H,_1(N) —dx Hp (L) fx Hp (M) Jx Hp (N) dx Hppq(L) ———— ...
ha | x| g% | ha | £ |
/ s / il / ik / da ,
Hy—1(N7) Hp (L") Hp (M7) Hp (N') Hyp1 (L) ——— ..

This is Proposition 1.1.4 in [21]. As pointed out there, it is an immediate
consequence of the properties, 1-6 above.

Compare this with Proposition 10.69 in [17].

Let L, L', M, M', N, N’ be differential graded groups with grading
—1 (i-e., of “homology type”). Suppose that we have a commutative
diagram, with all maps admissible and all rows exact, as in (5). Then
the following diagram is commutative and has exact rows:

* ©x Jx dx

Hopr(N) —& b1 H (M) HoN) — % b ) ————
h*l f*l g*l h*l f*l
il o
. ————— Hp41(N) —dx Hpn (L") " Hp (M) % Hp(N') —dx Hp_ (L) —— ...

This is the analog of the previous property and is proven similarly.
Compare this with Proposition 10.58 in [17].

Let (L,d) be a differential graded group with grading r. If d,, = d|,,
then d, 4, 0d, =0 and

T Ln—r d:T Ln ﬁ) Ln+r % Ln+2r .. (6)
is exact.
If {L, | n € Z} is a sequence of abelian groups with homomorphisms
d,, satisfying (6) then (L,d) is a differential group, where L = @, L,
and d = &,d,.



July 15, 2008 18:7 WSPC - Proceedings Trim Size: 9in x 6in  volume

A primer on computational group homology and cohomology using GAP and Sage 9

2.3. Homology and cohomology

When r =1, we call L,, the group of n-cochains, Z,, = L,, N Kernel (d,,)
the group of n-cocycles, and B, = L, Nd,—1(L,—1) the group of n-
coboundaries. We call H,(L) = Z,/B, the n* cohomology group.
When r = —1, we call L,, the group of n-chains, Z,, = L,,NKernel (d,,) the
group of n-cycles, and B,, = L,,Nd,11(Ln+1) the group of n-boundaries.
We call H,,(L) = Z, /B, the n*" homology group.

3. Complexes

We introduce complexes in order to define explicit differential groups which
will then be used to construct group (co)homology.

3.1. Definitions

Let R be a non-commutative ring, for example R = Z[G].

We shall define a “finite free, acyclic, augmented chain complex” of left
R-modules.

A complex (or chain complex or R-complex with a negative grading)
is a sequence of maps

e X X, 2 X O X (7)
for which 0,,0,,+1 = 0, for all n. If each X, is a free R-module with a finite
basis over R (so is & RF, for some k) then the complex is called finite
free. If this sequence is exact then it is called an acyclic complex. The
complex is augmented if there is a surjective R-module homomorphism
€ : Xg — Z and an injective R-module homomorphism g : Z — X_; such
that dyp = p o€, where (as usual) Z is regarded as a trivial R-module.

The standard diagram for such an R-complex is

o_
Xo %2 X1 % Xo % X_1 ! X_ g ———
| [
Z Z
0 0

Such an acyclic augmented complex can be broken up into the positive
part
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S X2 x 5%, 520,

and the negative part

0z x S x , B x ..

Conversely, given a positive part and a negative part, they can be combined
into a standard diagram by taking 0y = p o e.

If X is any left R-module, let X* = Hompg(X,Z) be the dual R-
module, where Z is regarded as a trivial R-module. Associated to any
f € Homg(X,Y) is the pull-back f* € Homp(Y™*, X*). (If y* € Y* then
define f*(y*) tobe y*o f : X — Z.) Since “dualizing” reverses the direction
of the maps, if you dualize the entire complex with a —1 grading, you will
get a complex with a +1 grading. This is the dual complex.

When R = Z[G] then we call a finite free, acyclic, augmented chain
complex of left R-modules, a G-resolution. The maps 9; : X; — X;_1 are
sometimes called boundary maps.

Remark 3.1. Using the command BoundaryMap in the GAPCRIME package
of Marcus Bishop, one can easily compute the boundary maps of a coho-
mology object associated to a G-module. However, G must be a p-group.

Example 3.1. We use the package HAP [7] to illustrate some of these con-
cepts more concretely. Let G be a finite group, whose elements we have
ordered in some way: G = {¢1,...,gn }-

Since a G-resolution X, determines a sequence of finitely generated
free Z[G]-modules, to concretely describe X, we must be able to con-
cretely describe a finite free Z[G]-module. In order to represent a word
w in a free Z[G]-module M of rank n, we use a list of integer pairs
w = [[i1, e1), [92, €2], ..., [ik, ex]]. The integers i; lie in the range {—n,...,n}
and correspond to the free Z[G]-generators of M and their additive inverses.
The integers e; are positive (but not necessarily distinct) and correspond
to the group element g, .

Let’s begin with a HAP computation.

GAP

gap> LoadPackage("hap");

true

gap> G:=Group([(1,2,3),(1,2)]);;

gap> R:=ResolutionFiniteGroup(G, 4);;
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This computes the first 5 terms of a G-resolution (G = S3)

XA X8 X2x %X, -Z 0.

The bounday maps §; are determined from the boundary component of the
GAP record R. This record has (among others) the following components:

e R!.dimension(k) — the Z[G]-rank of the module X,

e R!.boundary(k, j) — the image in X;_1 of the j-th free generator of
Xk,

R!.elts — the elements in G,

R!.group is the group in question.

Here is an illustration:

GAP

gap> R!.group;

Group([ (1,2), (1,2,3) ])

gap> Rl.elts;

[0, 23, 1.2), (1.23), (132, (1.3) ]
gap> R!.dimension(3);

4

gap> R!.boundary(3,1);

[l 2] [-11]]

gap> R!.boundary(3,2);

(0221 [-24]]

gap> R!.boundary(3,3);
[[341,[1,3][-31][-11]]

gap> R!.boundary(3,4);
[[25)L[-33L[24][-14][21][-31]]

In other words, X3 is rank 4 as a G-module, with generators {f1, f2, f3, f4}
say, and

53(f1) = fig2 — fig,
03(f2) = fa92 — fa9a,
03(f3) = fags — fag1r + fr193 — f191,

03(f4) = fa(91 + 93 + 95) — f393 + f194 — fag1-

Now, let us create another resolution and compute the equivariant chain
map between them. Below is the complete GAP session:
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GAP

gap> G1:=Group([(1,2,3),(1,2)]);

Group([ (1,2,3), (1,2) ])

gap> G2:=Group([(1,2,3),(2,3)]);

Group([ (1,.2,3), (2.3) ])

gap> phi:=GroupHomomorphismBylmages(G1,G2,[(1,2,3),( 1,2)],[(1,2,3),(2,3)]);

[ (1.23), (1L.2) ] > [ (1.23), (23) ]

gap> R1:=ResolutionFiniteGroup(G1, 4);

Resolution of length 4 in characteristic 0 for Group([ (1,2) , (1,23 ) .

gap> R2:=ResolutionFiniteGroup(G2, 4);
Resolution of length 4 in characteristic 0 for Group([ (2,3) , (123) )] .

gap> ZP_map:=EquivariantChainMap(R1, R2, phi);
Equivariant Chain Map between resolutions of length 4 .

gap> map := TensorWithintegers( ZP_map);
Chain Map between complexes of length 4 .

gap> Hphi := Homology( map, 3);

[ f1, f2, 3 ] > [ f2, f2 *f3, f1 #2722 ]
gap> Abelianinvariants(Image(Hphi));

[2 3]

gap>

gap> GroupHomology(G1,3);
[6]
gap> GroupHomology(G2,3);
[6]

In other words, H(¢) is an isomorphism (as it should be, since the homology
is independent of the resolution choosen).

3.2. Constructions

Let R = Z[G].

3.2.1. Bar resolution

This section follows §1.3 in [21].

Define a symbol [.] and call it the empty cell. Let X, = RJ[.], so Xj is
a finite free (left) R-module whose basis has only 1 element. For n > 0, let
J1s---,9n € G and define an n-cell to be the symbol [g1, ..., gs]. Let

Xn = @(gy....gn)ean Rlg1, - -5 gnl,

where the sum runs over all ordered n-tuples in G™.
Define the differential operators d,, and the augmentation €, as G-
module maps, by
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egl)=1, g€G
di([g]) = g[] =[],
da([91, 92]) = g1(g2] — [9192] + [91],
dn([g15- -5 9n]) = 1[92, -, 9n] + i(—l)i[gl, e 0im1,9iGi+1, Git2s - - - 5 nl

+ (_l)n[gh cee 797171]7

for n > 1. Note that the condition €(g[.]) = 1 for all ¢ € G is equivalent
to saying €([.]) = 1. This is because € is a G-module homomorphism and
Z is a trivial G-module, so €(g[.]) = ge([.]) = g+ 1 = 1, where the (trivial)
G-action on Z is denoted by a -.

The X,, are finite free G-modules, with the set of all n-cells serving as
a basis.

Proposition 3.1. With these definitions, the sequence

d d
S X B3 X3 X S5Z—0,
is a free G-resolution.

Sometimes this resolution is called the bar resolution®. There are two
other resolutions we shall consider. One is the closely related “homogeneous
resolution” and the other is the “normalized bar resolution”.

This simple-looking proposition is not so simple to prove. First, we shall
show it is a complex, i.e., d> = 0. Then, and this is the most non-trivial
part of the proof, we show that the sequence is exact.

First, we need some definitions and a lemma.

Let f: L — M and g : L — M be +1-graded admissible maps. We
say f is homotopic to g if there is a homomorphism D : L — M, called a
homotopy, such that

e D, :D|Ln : Ly, _>Mn+1a
o f—g=Dd+dD.

$This resolution is not the same as the resolution computed by HAP in Example 3.1. For
details on the resolution used by HAP, please see Ellis [8].
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If L = M and the identity map 1 : L — L is homotopic to the zero map
0: L — L then the homotopy is called a contracting homotopy for L.

Lemma 3.1. If L has a contracting homotopy then H(L) = 0.

proof: Represent x € H(L) by ¢ € L with d¢ = 0. But £ = 1(¢) —0(¢) =
dD(¢) + Dd(¢) = dD(¥). Since D : L — L, this shows ¢ € dL, so x = 0 in
H(L). O

Next, we construct a contracting homotopy for the complex X, in
Proposition 3.1 with differential operator d. Actually, we shall temporar-
ilylet X 1 =7, X_, =0and d_, =0 for n > 1, so that that the complex
is infinite in both directions. We must define D : X — X such that

D,1 :D|Z:Z—>X0,

D, =D|x, : X, —» Xpt1,
eD_1=1onZ,

d1D0 + D,16 =1on )(07

dn+1Dp + Dyp—1d, =1 in X, for n > 1.

Define

and extend to a Z-basis linearly.

Now we must verify the desired properties.

By definition, for m € Z, eD_1(m) = e(m[.]) = me([.]) = m. Therefore,
eD_; is the identity map on Z.

Similarly,

(d1Do + D1€)(g[]) = da([g]) + D-1(1)
=gl = [+ Da(1) = g[] =[]+ [] = gl]-

For the last property, we compute
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dn+1Dn<g[gla"'7gnD :dn+1([g7gl7"'7gn])
:g[glaagn] - [gghagﬂ}

n—1
+ Z(—Dz_l[g,gl, o3 Gim159iGit1, Git2s - - - » In)
i=1
+ (71)n+1[gagla s 7gn—1}7

and

Dn—ldn(g[gla cee 79”])
n—1

= Dy 1(9dn([g1,- -, 9n]))
= Do

n—1(991[92, - - - gn]

n—1

+ 3 (=1)'g[g15 s Gim1,GiGit1, Git2s - -+ Gn)

(]

1
+ _1)ng[gl7 cee agnfl])
= [gglaQQa <. 7971]

—~ =

n—1
+ Z(—l)l[g,gh e Gim1,9iGi+1, Git2s - - - 5 G
i=1

+ (_1)n[g’g17 cee 7.971—1]-
All the terms but one cancels, verifying that d,,+1 D, + Dyp—1d, = 1in X,
forn > 1.
Now we show d? = 0. One verifies dids = 0 directly (which is left to
the reader). Multiply dxDg—1 + Dg_2dr—1 = 1 on the right by di and
dk+1Dk + Dy _1di, = 1 on the left by dj.:

diDy_1dy + Dy_odr_1dy = di, = dpdp1 Dy + dp Dy—1d,.

Cancelling like terms, the induction hypothesis di_1dx = 0 implies
didi+1 = 0. This shows d?> = 0 and hence that the sequence in Propo-
sition 3.1 is exact. This completes the proof of Proposition 3.1. O

The above complex can be “dualized” in the sense of §3.1. This dualized
complex is of the form

-z x S x , B x .

The standard G-resolution is obtained by splicing these together.
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3.2.2. Normalized bar resolution

Define the normalized cells by

* [917 ---7gn]; if all gi 7& 1’
(915 gn]" = { 0, if some g; = 1.

Let Xy = R[] and

Xn = @(gl,...,gn)eG"R[glw"7971]*a n > 17

where the sum runs over all ordered n-tuples in G™. Define the differential
operators d,, and the augmentation map exactly as for the bar resolution.

Proposition 3.2. With these definitions, the sequence

d d €
'—)X2*2>X1—1)X0*>Z—)0’
is a free G-resolution.

Sometimes this resolution is called the normalized bar resolution.
proof: See Theorem 10.117 in [17]. O

3.2.3. Homogeneous resolution

Let Xo = R, so X is a finite free (left) R-module whose basis has only 1
element. For n > 0, let X,, denote the Z-module generated by all (n + 1)-
tuples (go,.-.,9n).- Make X; into a G-module by defining the action by
g Xn — X by

9: (9051 9n) — (9905 ---,99n), g €G.

Define the differential operators 0, and the augmentation €, as G-
module maps, by

e(g) =1,
n—1
871(907 L ,gn) = Z(_l)l(g(h e 79i—1’§ia9i+1a cee agn)7
=0

forn > 1.

Proposition 3.3. With these definitions, the sequence
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) )
is a G-resolution.

Sometimes this resolution is called the homogeneous resolution.

Of the three resolutions presented here, this one is the most straightfor-
ward to deal with.

proof: See Lemma 10.114, Proposition 10.115, and Proposition 10.116
in [17]. O

4. Definition of H™ (G, A)

For convenience, we briefly recall the definition of Ext™. Let A be a left
R-module, where R = Z[G], and let (X;) be a G-resolution of Z. We define

Ext 3(Z, A) = Kernel (d ) /Image (d}),

where

dy : Hom(X,_1,A) — Hom(X,,, A),

is defined by sending f : X,_1 — A to fd, : X,, — A. It is known
that this is, up to isomorphism, independent of the resolution choosen.
Recall Ext 751(Z, A) is the right-derived functors of the right-exact functor
A+ A% = Homg(Z, A) from the category of G-modules to the category
of abelian groups. We define

When we wish to emphasize the dependence on the resolution choosen, we
write H"(G, A, X,).

For example, let X, denote the bar resolution in §3.2.1 above. Call
C" = C"(G,A) = Homg(X,, A) the group of n-cochains of G in A,
Z"™ = Z"(G,A) = C™ N Kernel (9) the group of n-cocycles, and B" =
B"(G, A) = 9(C™~1) the group of n-coboundaries. We call H"(G, A) =
Z"/B"™ the nt" cohomology group of G in A. This is an abelian group.

We call also define the cohomology group using some other resolution,
the normalized bar resolution or the homogeneous resolution for example.
If we wish to express the dependence on the resolution X, used, we write
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H™(G, A, X,). Later we shall see that, up to isomorphism, this abelian
group is independent of the resolution.

The group Hso(G,Z) (which is isomorphic to the algebraic dual group
of H?(G,C*)) is sometimes called the Schur multiplier of G. Here C
denotes the field of complex numbers.

We say that the group G has cohomological dimension n, written
cd(G) = n, if H"1(H, A) = 0 for all G-modules A and all subgroups H of
G, but H"(H, A) # 0 for some such A and H.

Remark 4.1.

e If cd(G) < oo then G is torsion-free®.

o If G is a free abelian group of finite rank then cd(G) = rank(G).

e If ¢d(G) =1 then G is free. This is a result of Stallings and Swan (see
for example [17, page 885]).

4.1. Computations

We briefly discuss computer programs which compute cohomology and some
examples of known computations.

4.1.1. Computer computations of cohomology

GAP [10] can compute some cohomology groupsY.

All the Sage commands which compute group homology or cohomology
require that the package HAP be loaded. You can do this on the command
line from the main Sage directory by typing|!

sage -i gap_packages-4.4.10_3.spkg

Example 4.1. This example uses Sage, which wraps several of the HAP
functions.

Sage

sage: G = AlternatingGroup(5)

8This follows from the fact that if G is a cyclic group then H™(G,Z) # 0, discussed
below.

9See §37.22 of the GAP manual, M. Bishop’s package CRIME for cohomology of p-groups,
G. Ellis’ package HAP for group homology and cohomology of finite or (certain) infinite
groups, and M. Roder’s HAPCryst package (an add-on to the HAP package). Sage [20]
computes cohomology via it’s GAP interface.

IThis is the current package name - change 4.4.10_3 to whatever the latest version is
on http://www.sagemath.org/packages/optional/ at the time you read this. Also, this
command assumes you are using Sage on a machine with an internet connection.
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sage: G.cohomology(1,7)
Trivial Abelian Group
sage: G.cohomology(2,7)
Trivial Abelian Group

This implies H!(As, GF (7)) = H?(A5,GF(7)) = 0.

4.1.2. Ezxzamples

Some example computations of a more theoretical nature.

(1) H°(G, A) = AC.
This is by definition.

(2) Let L/K denote a Galois extension with finite Galois group G. We
have H'(G, L*) = 1. This is often called Hilbert’s Theorem 90.
See Theorem 1.5.4 in [21] or Proposition 2 in §X.1 of [18].

(3) Let G be a finite cyclic group and A a trivial torsion-free G-module.
Then H'(G, A) = 0.
This is a consequence of properties given in the next section.

(4) If G is a finite cyclic group of order m and A is a trivial G-module
then

H?*(G,A) = A/mA

This is a consequence of properties given below.
For example, H2(GF(q)*,C) = 0.
(5) If |G| = m, rA = 0 and ged(r,m) = 1, then H"(G, A) = 0, for all
n > 1.
This is Corollary 3.1.7 in [21].
For example, H*(As,Z/7Z) = 0.

5. Definition of H,, (G, A)

We say A is projective if the functor B — Homg (A, B) (from the cate-
gory of G-modules to the category of abelian groups) is exact. Recall, if

Pp=—>PE2Pp %P S7250 (9)

is a projective resolution of Z then

Tor ZI(7, A) = Kernel (d,, ® 14)/Tmage (dp 1 @ 14).
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It is known that this is, up to isomorphism, independent of the resolution
choosen. Recall Tor 2/ (Z, A) are the right-derived functors of the right-
exact functor A — Ag = Z ®zq) A from the category of G-modules to
the category of abelian groups. We define

H, (G, A) = Tor 2¢)(z, A), (10)

When we wish to emphasize the dependence on the resolution, we write
H,(G, A, Py).

Remark 5.1. If G is a p-group, then using the command
ProjectiveResolution in GAP’s CRIME package, one can easily compute
the minimal projective resolution of a G-module, which can be either trivial

or given as a MeatAxe™* module.

Since we can identify the functor A —— Ag with A —— A®z(¢Z (where
Z is considered as a trivial Z[G]-module), the following is another way to
formulate this definition.

If Z is considered as a trivial Z][G]-module, then a free Z[G]-resolution
of Z is a sequence of Z[G]-module homomorphisms

.M, —M,,_1—...—M;— M,
satisfying:

e (Freeness) Each M, is a free Z|G]-module.

e (Exactness) The image of M, 1— M, equals the kernel of M,,—M,,_;
for all n > 0.

e (Augmentation) The cokernel of M;— My is isomorphic to the trivial
Z|G)-module Z.

The maps M,,—M,,_1 are the boundary homomorphisms of the resolution.
Setting T'M,, equal to the abelian group M,, /G obtained from M,, by killing
the G-action, we get an induced sequence of abelian group homomorphisms

s T My —T M,y 1 —...—T M, —TM,

This sequence will generally not satisfy the above exactness condition, and
one defines the integral homology of G to be

**See for example http://www.math.rwth-aachen.de/~MTX/.
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H,(G,Z) = Kernel (TM,,—TM,_1)/Image (T M, 1—TM,)

for all n > 0.

5.1. Computations

We briefly discuss computer programs which compute homology and some
examples of known computations.

5.1.1. Computer computations of homology

Example 5.1. GAP will compute the Schur multiplier Hy(G,Z) using the
AbelianInvariantsMultiplier command. To find Hs(As, Z), where Aj is
the alternating group on 5 letters, type

GAP

gap> A5:=AlternatingGroup(5);
At([1..51])
gap> AbelianinvariantsMultiplier(A5);

[2]

So, Hy(As5,C) = 7./27.
Here is the same computation in Sage:

Sage

sage: G = AlternatingGroup(5)
sage: G.homology(2)
Multiplicative Abelian Group isomorphic to C2

Example 5.2. The Sage command poincare_series returns the Poincare
series of G (mod p) (p must be a prime). In other words, if you in-
put a (finite) permutation group G, a prime p, and a positive integer
n, poincare_series(G,p,n) returns a quotient of polynomials f(z) =
P(2)/Q(x) whose coefficient of x* equals the rank of the vector space
H(G,ZZ/pZZ), for all k in the range 1 < k <n .

Sage

sage: G = SymmetricGroup(5)
sage: G.poincare_series(2,10)
X2 + 1)/(X4 - X3 -x + 1)
sage: G = SymmetricGroup(3)
sage: G.poincare_series(2,10)
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U(x + 1)

This last one implies

dimGF(Q) Hk(SQ,Z/2Z) = ].,
for 1 <k <10.

Example 5.3. Here are some more examples using Sage’s interface to HAP:

Sage

sage: G = SymmetricGroup(5)

sage: G.homology(1)

Multiplicative Abelian Group isomorphic to C2

sage: G.homology(2)

Multiplicative Abelian Group isomorphic to C2

sage: G.homology(3)

Multiplicative Abelian Group isomorphic to C2 x C4 x C3
sage: G.homology(4)

Multiplicative Abelian Group isomorphic to C2

sage: G.homology(5)

Multiplicative Abelian Group isomorphic to C2 x C2 x C2
sage: G.homology(6)

Multiplicative Abelian Group isomorphic to C2 x C2

sage: G.homology(7)

Multiplicative Abelian Group isomorphic to C2 x C2 x C4 x C3 x C 5

The last one means that

H1(Ss, Z) = (Z)2)* x (Z/3L) x (LJAZ) x (Z/5T).

Sage

sage: G = AlternatingGroup(5)
sage: G.homology(1)

Trivial Abelian Group

sage: G.homology(1,7)

Trivial Abelian Group

sage: G.homology(2,7)

Trivial Abelian Group

This implies Hl(A57Z) = Hl(A5, GF(7)) = HQ(A5, GF(?)) =0.

5.1.2. FExamples

Some example computations of a more theoretical nature.
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1)

If A is a G-module then Torg[G} (Z,A) = Hy(G,A) = Ac =2 A/DA.
proof: We need some lemmas.

Let € : Z|G] — Z be the augmentation map. This is a ring homo-
morphism (but not a G-module homomorphism). Let D = Kernel (¢)
denote its kernel, the augmentation ideal. This is a G-module.

Lemma 5.1. As an abelian group, D is free abelian generated by G —
1={g-1|geG}.

We write this as D = Z(G — 1).

proof of lemma: If d € D then d = deG mgyg, where m, € Z and
> geg Mg =0.Thus, d=73" ;mg(g—1),s0 D C Z(G — 1). To show
Dis free: If 30 omg(g —1) =0 then >0 omgg — > comg =0in
Z[G]. But Z[G] is a free abelian group with basis G, so m, = 0 for all
geG. O

Lemma 5.2. Z ®z;q A = A/DA, where DA is generated by elements
of the form ga —a, g € G and a € A.

Recall A denotes the largest quotient of A on which G acts trivially'T.
proof of lemma: Consider the G-module map, A — Z®z|g) 4, given by
a — 1®a. Since Z®z(q) A is a trivial G-module, it must factor through
Ag. The previous lemma implies Ag = A/DA. (In fact, the quotient
map g : A — Ag satisfies g(ga —a) = 0 for all g € G and a € A,
so DA C Kernel (¢). By maximality of Ag, DA = Kernel (¢). QED)
So, we have maps A — Ag — Z ®gz|g) A. By the definition of tensor
products, the map Z x A — Ag, 1 X a+—— 1-aDA, corresponds to a
map Z®zq A — Ag for which the composition Ag — Z®zq) A — Ag
is the identity. This forces Ag = Z ®@zq) A. O

See also # 11 in §6.

If G is a finite group then Hy(G,Z) = Z.

This is a special case of the example above (taking A = Z, as a trivial
G-module).

H,(G,Z) 2 G/|G,G], where |G, G] is the commutator subgroup of G.
This is Proposition 10.110 in [17, §10.7].

proof: First, we claim: D/D? = G/[G, G|, where D is as in Lemma 5.1.
To prove this, define § : G — D/D? by g — (g—1)+D?. Since gh—1—
(g—1)—(h—1) = (g—1)(h—1), it follows that 8(gh) = 0(g)0(h), so 0 is

T m

plicit in the words “largest quotient” is a universal property which we leave to the

reader for formulate precisely.
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a homomorphism. Since D/D? is abelian and G/[G, G] is the maximal
abelian quotient of G, we must have Kernel (6) C [G, G]. Therefore, 0
factors through ¢’ : G/[G,G] — D/D?, g[G,G] — (g — 1) + D?. Now,
we construct an inverse. Define 7: D — G/[G, G| by g — 1 +— g¢[G, G].
Since T(¢g—1+h—1) = g[G, G]-h|G, G] = gh|G, G], it is not hard to see
that this is a homomorphism. We would be essentially done (with the
construction of the inverse of #, hence the proof of the claim) if we knew
D? C Kernel (7). (The inverse would be the composition of the quotient
D/D? — D/Kernel (1) with the map induced from 7, D/Kernel (1) —
G/[G,G).) This follows from the fact that any x € D? can be written
as @ = (2, mylg — V)(X, m(h — 1)) = (5, , mgmiy(g — )(h — 1),
so 7(z) =[], ,(ghg~*h=1)™™:[G, G] = [G, G]. QED (claim)

Next, we show H;(G,Z) = D/D?. From the short exact sequence

0— D —Z[G] > Z—0,

we obtain the long exact sequence of homology

-+ — H1(G,D) — H,(G,Z|G)) —
Hi(G,Z) 2 Hy(G, D) L Hy(G,Z|G]) & Hy(G,Z) — 0.

Since Z[G] is a free Z[G]-module, Hy(G,Z[G]) = 0. Therefore 9 is
injective. By item # 1 above (i.e., Hy(G,A) =2 A/DA = Ag, we have
Hy(G,Z) 2 Z¢ = Z and Hy(G,Z|G]) = Z|G]/D = Z. By (11), €, is
surjective. Combining the last two statements, we find Z/Kernel (e, ) =
Z.This forces €, to be injective. This, and (11), together imply f must
be 0. Since this forces 0 to be an isomorphism, we are done. O

Let G = F/R be a presentation of G, where F' is a free group and R
is a normal subgroup of relations. Hopf’s formula states: Ho(G,Z) =
(F'N R)/[F, R], where [F, R] is the commutator subgroup of G.

See [17, §10.7].

The group Hy(G,Z) is sometimes called the Schur multiplier of G.

(11)

6. Basic properties of H"(G, A), H,,(G, A)

Let R be a (possibly non-commutative) ring and A be an R-module. We say
A is injective if the functor B — Homg (B, A) (from the category of G-
modules to the category of abelian groups) is exact. (Recall A is projective if
the functor B — Homg (A, B) is exact.) We say A is co-induced if it has

the

form Homy(R, B) for some abelian group B. We say A is relatively
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injective if it is a direct factor of a co-induced R-module. We say A is
relatively projective if

7 Z[Gl®z A — A,

r®ar— xa,

maps a direct factor of Z[G] ®z A isomorphically onto A. These are the G-
modules A which are isomorphic to a direct factor of the induced module
Z|G)®z7 A. When G is finite, the notions of relatively injective and relatively
projective coincide®t.

(1) The definition of H™(G, A) does not depend on the G-resolution X, of
Z used.

(2) If A is an projective Z|G]-module then H"(G, A) = 0, for all n > 1.
This follows immediately from the definitions.

(3) If A is an injective Z[G]-module then H, (G, A) =0, for all n > 1.

See also [18, §VIL.2].

(4) If A is a relatively injective Z[G]-module then H™(G, A) = 0, for all
n>1.

This is Proposition 1 in [18, §VIL.2].

(5) If A is a relatively projective Z[G]-module then H"(G, A) = 0, for all
n>1.

This is Proposition 2 in [18, §VIIL.4].

(6) If A = A' @ A" then H™(G,A) = H™(G,A) & H*(G,A"), for all
n > 0. More generally, if I is any indexing family and A = @;c;A; then
H"(G,A) = ®;erH" (G, A4;), for all n > 0.

This follows from Proposition 10.81 in §10.6 of Rotman [17].

(7) 1t

0— A—-B—C—0

is an exact sequence of G-modules then we have a long exact sequence
of cohomology (1). See [18, §VIL.2], and properties of the Ext functor
17, §10.6].

(8) A H™(G, A) is the higher right derived functor associated to A —
A% = Homg(A,Z) from the category of G-modules to the category of
abelian groups.

This is by definition. See [18, §VIIL.2], or [17, §10.7].

HThese notions were introduced by Hochschild [14].
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(9) It

0— A—-B—C—0

is an exact sequence of G-modules then we have a long exact sequence of
homology (2). In the case of a finite group, see [18, §VIIIL.1]. In general,
see [18, §VIIL.4], and properties of the Tor functor in [17, §10.6].

(10) A+ H,(G, A) is the higher left derived functor associated to A —
Ag = Z @yzjg) A on the category of G-modules.
This is by definition. See [18, §VIL.4], or [17, §10.7].

(11) If G is a finite cyclic group then

HO(G7 A) = AGa
Hy, 1(G,A) = AY/NA,
Hn (G, A) = Kernel (N)/DA,

for all n > 1.
To prove this, we need a lemma.

Lemma 6.1. Let G = (g) be acyclic group of order k. Let M = g — 1
and N =14+ g+ g>+ ...+ g" 1. Then

szl X zia) B zie) - zja) B zj6) B z[6] S Z — o,

s a free G-resolution.
proof of lemma: It is clearly free. Since MN = NM = (g — 1)(1 +

g+g>+..+4¢"1) =g¢"—-1=0,it is a complex. It remains to prove
exactness. Since Kernel (¢) = D = Image (M), by Lemma 5.1, this stage

is exact.
To show Kernel (M) = Image (N), let z = Zf;é m;g’ € Kernel (M).
Since (¢ — 1)z = 0, we must have mg = m; = ... = mg_1. This

forces * = moN € Image (N). Thus Kernel (M) C Image (N). Clearly
MN = 0 implies Image (N) C Kernel (M), so Kernel (M) = Image (N).
To show Kernel (N) = Image (M), let z = Zf;ol m;g’ € Kernel (N).
Since No = 0, we have 0 = ¢(Nz) = ¢(N)e(z) = ke(x), so E;:é mj =
0. Observe that
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x=mo-1+mig+mog?+...+mu_1g"!

= (mo — mog) + (mo +m1)g + mag?® + ... + mp_19"~
= (mo — mog) + (mo +m1)g — (mo + m1)g?

+(mo +m1 +ma)g® — (mo +my +ma)g® + ...

+(mo + .. +mp_1)g" "t — (mo + .. +my_1)g".

1

where the last two terms are actually 0. This implies z = —M (mg +
(mo+m1)g+(mo+mi+ma)g®+...4+(mo+..+my_1)g" =t € Image (M).
Thus Kernel (N) C Image (M). Clearly NM = 0 implies Image (M) C
Kernel (), so Kernel (N) = Image (M).

This proves exactness at every stage.O

Now we can prove the claimed property. By property 1 in §5.1.2, it
suffices to assume n > 0. Tensor the complex in Lemma 6.1 on the
right with A:

+ = Z[G] ®ziq) A iiyile) ®zia) A p=gile) ®zia) A X
ZIG] @zic) A 5 ZIG] @201 A S L@ ZIGIA — 0,
where the new maps are distinguished from the old maps by adding an
asterisk. By definition, Z[G] ®z1¢) A = A, and by property 1 in §5.1.2,
7 ®z;q) A= A/DA. The above sequence becomes

AN A A A A S 4/DA 0.

This implies, by definition of Tor,

Torg[ci]l(Z, A) = Kernel (M,)/Image (N,) = A°/N A,

n

and
Tor 219)(Z, A) = Kernel (N,) /Tmage (M, ) = A[N]/DA.

See also [18], §VIIL.4.1 and the Corollary in §VIIL.4.

(12) The group H?(G, A) classifies group extensions of A by G.
This is Theorem 5.1.2 in [21]. See also §10.2 in [17.

(13) If G is a finite group of order m = |G| then mH" (G, A) = 0, for all
n>1.
This is Proposition 10.119 in [17].

(14) If G is a finite group and A is a finitely-generated G-module then
H"(G, A) is finite, for all n > 1.
This is Proposition 3.1.9 in [21] and Corollary 10.120 in [17].
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The group H'(G, A) constructed using resolutions is the same as the
group constructed using 1-cocycles. The group H?(G, A) constructed
using resolutions is the same as the group constructed using 2-cocycles.
This is Corollary 10.118 in [17].
If G is a finite cyclic group then

H°(G,A) = A%,
H* (G, A) = Kernel N/DA,
H™(G,A) = AY/NA,

for all n > 1. Here N : A — A is the norm map Na = deGga and
DA is the augmentation ideal defined above (generated by elements of
the form ga — a).

proof: The case n = 0: By definition, H°(G, A) = Ext %[G} (z,A) =
Homg(Z, A). Define 7 : Homg(Z, A) — AY by sending f —— f(1). It
is easy to see that this is well-defined and, in fact, injective. For each
a € A%, define f = f, € Homg(Z, A) by f(m) = ma. This shows 7 is
surjective as well, so case n = 0 is proven.

Case n > 0: Applying the functor Homg(*, A) to the G-resolution in
Lemma 6.1 to get

- — Homg(Z[G], A) & Homg(Z[G], A) ¥ Homg (Z[G], A) £ Homg(Z, A) «— 0.

It is known that Homg(Z[G], A) = A (see Proposition 8.85 on page
583 of [17]). It follows that

By definition of Ext, for n > 0 we have

Ext %?G] (Z, A) = Kernel (M,)/Image (N,) = A /N A,
and
Ext %T[al(Z, A) = Kernel (N,)/Image (M) = Kernel (N)/(g — 1)A,

where g is a generator of G as in Lemma 6.1. O
See also [18], §VIII.4.1 and the Corollary in §VIIL.4.
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(17) If G is a finite cyclic group of order m and A is a trivial G-module then

H°(G, A) = A%,
H*™ (G, A) = Alm],
H*™(G,A) = A/mA,

for all n > 1.
This is a consequence of the previous property.

7. Functorial properties

In this section, we investigate some of the ways in which H"(G, A) depends
on G.

One way to construct all these in a common framework is to introduce
the notion of a “homomorphism of pairs”. Let G, H be groups. Let A be a
G-module and B an H-module. If o : H — @ is a homomorphism of groups
and B : A — B is a homomorphism of H-modules (using « to regard B as
an H-module) then we call (o, 5) a homomorphism of pairs, written

(o, ) : (G, A) — (H, B).

Let G C H be groups and A an H-module (so, by restriction, a G-
module). We say a map

fe.w: H*(G,A) — H"(H, A),

is transitive if fq, ¢, fa,,¢, = fa,,q,, for all subgroups G; C G2 C Gs.

Let X, be a G-resolution and X a H-resolution, each with a —1 grading.
Associated to a homomorphism of groups « : H — G is a sequence of H-
homomorphisms

Ap XD — X, (12)
n > 0, such that d,, 414,41 = And;,; and €Ay = €.
Theorem 7.1.

(1) If (a, B) : (G, A) — (G',A") and (/. 5) : (G',A") — (G",A") are
homomorphisms of pairs then so is (o' oca, 3 03) : (G, A) — (G", A").
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(2) Suppose (a, ) : (G, A) — (G', A") is homomorphism of pairs, X. is
a G-resolution, and X[ is a G'-resolution (each infinite in both direc-
tions, with a —1 grading). Let H™(G, A, X.) denote the derived groups
associated to the differential groups Homg(X,, A) with +1 grading.
There is a homomorphism

(Oé7 B)X*,Xi N Hn(G, A7 X*) — H"(GI, A/7 X;)
satisfying the following properties.
(a) fG=G', A=A, X=X a=1and 3 =1then (1,1)x, x, = 1.
(b) If (/.0 : (G',A") — (G", A") is homomorphism of pairs, X[ is

a G" -resolution then

(@ oa,B oB)x, xr= () x; xr0(a,B)x. x1-

(c) If (a,7) : (G, A) — (G, A") is homomorphism of pairs then
(o, 8+7)x..x; = (@, B)x..x; + (2, 7)x. x-

Remark 7.1. For an analogous result for homology, see §8II1.8 in Brown
(3].

proof: We sketch the proof, following Weiss, [21, Theorem 2.1.8, pp
52-53].

(1): This is “obvious”.

(2): Let (o, 8) : (G, A) — (G', A") be a homomorphism of pairs. Using
(12), we have an associated chain map

a HOmG<X*7A) — HomG/(X;,A/)

of differential groups (Brown §IIL.8 in [3]). The homomorphism of cohomol-
ogy groups induced by a* is denoted

o, x, x P H' (G, A X,) — H"(G' A" XL).
Properties (a)-(c) follow from §2.2 and the corresponding properties of a*.
O
As the cohomology groups are independent of the resolution used, the
map (o, f)x, x; : H"(G, A, X,) — H"(G', A", X]) is sometimes simply
denoted by

(o, 8), : H"(G, A) — H"(G', A"). (13)
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7.1. Restriction

Let X. = X.(G) denote the bar resolution.

If H is a subgroup of G then the cycles on G, C"(G,A) =
Homg (X, (G), A), can be restricted to H: C™(H, A) = Hompy (X, (H), A).
The restriction map C"(G,A) — C™(H, A) leads to a map of cohomology
classes:

Res : H"(G,A) — H"(H, A).

In this case, the homomorphism of pairs is given by the inclusion map
«a: H — G and the identity map g : A — A. The map Res is the induced
map defined by (13). By the properties of this induced map, we see that
Res g ¢ is transitive: if G C G’ C G” then

Resgr.goResgr.cv = Resgr -

(There is an analog of the restriction for homology which also satisfies this
transitive property — see Proposition 9.5 in Brown [3].)
A particularly nice feature of the restriction map is the following fact.

Theorem 7.2. If G is a finite group and G\, is a p-Sylow subgroup and if
H"(G,A), is the p-primary component of H"(G, A) then
(a) there is a canonical isomorphism H"(G,A) = &,H"(G, A),, and
(b) Res : H"(G,A) — H"(Gp, A) restricted to H"(G,A), (identified
with a subgroup of H™(G, A) via (a)) is injective.

proof: See Weiss, [21, Theorem 3.1.15]. O

Example 7.1. Homology is a functor. That is, for any n > 0 and group
homomorphism f : G — G’ there is an induced homomorphism H,(f) :
H,(G,Z) — H,(G',Z) satisfying

e H,(9f) = Hn(9)H,(f) for group homomorphisms f : G — G’ ¢ :
G/ N G//7

e H,(f) is the identity homomorphism if f is the identity.

The following commands compute Hs(f) : Hs(P,Z) — H3(Ss,Z) for
the inclusion f : P — Sy into the symmetric group S5 of its Sylow 2-
subgroup. They also show that the image of the induced homomorphism
H;(f) is precisely the Sylow 2-subgroup of H3(S5,7Z).

GAP

gap> S_5:=SymmetricGroup(5);; P:=SylowSubgroup(S_5,2) "
gap> f:=GroupHomomorphismByFunction(P,S_5, x->x);;
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gap> R:=ResolutionFiniteGroup(P,4);;

gap> S:=ResolutionFiniteGroup(S_5,4);;
gap> ZP_map:=EquivariantChainMap(R,S,f);;
gap> map:=TensorWithintegers(ZP_map);;
gap> Hf:=Homology(map,3);;

gap> Abelianinvariants(Image(Hf));

[2.4]

gap> GroupHomology(S_5,3);

[2,4,3]

If H is a subgroup of finite index in G then there is an analogous re-
striction map in group homology (see for example Brown [3, §I11.9]).

7.2. Inflation
Let X, denote the bar resolution of G. Recall

X” = @(gla'-'ﬂgn)GG”R[gl7 o 7gn]a

where the sum runs over all ordered n-tuples in G™. If H is a subgroup of
G, let XH denote the complex defined by

X' =g n, . g.mecmrRlg1H, ... g.H].

This is a resolution, and we have a chain map defined on n-cells by
91,3 9n] — (1 H, ..., gnH].

Suppose that H is a normal subgroup of G and A is a G-module. We may
view A as a G/H-module. In this case, the homomorphism of pairs is given
by the quotient map o : G — G/H and the inclusion map 3 : A — A.
The inflation map Inf is the induced map defined by (13), denoted

Inf : H"(G/H,A") — H"(G, A).

The inflation-restriction sequence in dimension n is

Inf Res

0— H"(G/H,A™") ™S H™(G,A) *% H"(H, A).

For a proof, see Weiss, [21, §3.4].

There an analog of this inflation-restriction sequence for homology.

We omit any discussion of transfer and Shapiro’s lemma, due to space
limitations.

Acknowledgements: 1 thank G. Ellis, M. Mazur and J. Feldvoss, P. Guil-
lot for correspondence which improved the content of these notes.
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This paper proposes the Tarski Problem for free groups in a Burnside variety,
B,,, where n is a sufficiently large odd integer so that Adian’s results hold. We
note that just as in the case of absolutely free groups it is easy to show that
the nonabelian free groups in B, for n as above are all universlly equivalent.

1. Introduction

We bear in mind two problems which resisted solution for decades and
succumbed only to the fresh attacks of supremely talented mathematicians.
For our purposes we shall dub the questions (1) and (2) below as The Tarski
Problem and The Burnside Problem respectively.

(1) Are the nonabelian free groups elementarily equivalent?
(2) Must the finitely generated nonabelian free Burnside groups of fixed
finite exponent be finite?

Of course the answers to (1) and (2) are now known to be (1) yes
and (2) no respectively. (1) was solved independently by Kharlampovich
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and Myasnikov on the one hand and by Sela on the other. Kharlampov-
ich and Myasnikov applied algebraic geometry over groups invented by G.
Baumslag, Myasnikov and Remeslennikov while Sela invented Diophantine
geometry in groups to solve the Tarski problem.

Let’s focus on algebraic geometry over groups. By way of analogy let us
consider a Noetherian integral domain R. The closed subsets in the Zariski
topology on affine n-space over R are precisely the affine algebraic subsets.
In order for the analog of this scenario to go through in groups the proper
notions of domain and Noetherian had to be defined. One consequence of
the correct definition of domain is that every nonabelian CSA group (See
Section 3) is a domain. Since free groups are CSA, nonabelian free groups
are domains. The correct notion of Noetherian is equationally Noetherian
(See Section 6). Happily free groups are also equationally Noetherian. One
felicitous consequence of this confluence of facts is the existence and unique-
ness (in the usual sense) of the decomposition of a closed set into a finite
union of irreducible affine algebraic subsets. (We need to reserve the word
variety for an equational class in this paper.) While the groups free in the
variety of all groups are elementarily equivalent (provided their rank ex-
ceeds 1) it is easy to see that the corresponding result is false for groups
free in many other varieties. For example, one can distinguish the free nilpo-
tent groups (of fixed class) of different finite ranks by first order sentences.
Perhaps the variety of all groups is unique in this regard? Or is it!

We now turn our attention to Question (2). A negative answer was
first provided by Adian who showed that, for all sufficiently large odd n,
the nonabelian free groups in the variety B,, determined by the law 2" =1
were all infinite. Soon afterward Sirvanjan proved that, just as in the variety
of all groups, the free group of countably infinite rank in the variety B,
embeds in its group free of rank 2 for all sufficiently large odd n. From
this it easily follows that the nonabelian free groups in the varieties B,,,
for all sufficiently large fixed odd n, have the same universal theory in the
sense of first order logic. For our purposes we can say the most when n =
p is a sufficiently large prime. In any event, if n is a sufficiently large odd
integer, the free groups in B,, are CSA; hence, the nonabelian free groups
in such varieties are domains. We do not know whether or not they are
equationally Noetherian. The Tarski problem relativized to such B, will
require new techniques for its solution. This paper provides some halting
first steps and should be viewed as an invitation to our colleagues to ponder
possible approaches.
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2. Preliminaries

We let w be the first limit ordinal, which we identify with the first infinite
cardinal Wy. If H and G are groups we say that G is H -inclusive provided
it contains a subgroup isomorphic to H; G is H-exclusive provided it is
not H-inclusive. For each positive integer n, C,, shall be a group cyclic of
order n. If G is a group and H is a nonempty class of groups, then we say
that H separates G provided for every g € G\{1} there is a group H, € H
and a homomorphism ¢, : G — H, such that ¢4(g) # 1; we say that
H discriminates G provided for every finite nonempty subset S C G\{1}
there is a group Hg € H and a homomorphism ¢g : G — Hg such that
vs(g) # 1 for all g € S. In the case H = {H} is a singleton we say that
H separates (discriminates) G for H separates (discriminates) G. In the
case that H separates (discriminates) G by epimorphisms the language G
is residually (fully residually) H is sometimes used.

Let Ly be the first order language with equality containing a binary
operation symbol e, a unary operation symbol ~! and a constant symbol 1.
We remark that being first order means that the variables are interpreted
as varying over individual elements of the domain of discourse - never over
subsets nor functions. Thus an Lg-structure is a set G provided with a
L and
a binary operation G?> — G, (g,h) — gh. A universal sentence of Ly is
one of the form Vxp(x) where x is a tuple of distinct variables and ¢ (x) is
a formula of Ly containing no quantifiers and containing free at most the
variables in x. A law in Lg is a universal sentence of the form Vx(s(x) =
t(x)) where x is a tuple of distinct variables and s(x) and ¢(x) are terms of
Ly containing at most the variables in x. The model class of a set of laws
of Ly is a variety of Lg-structures. The following three sentences are laws.

distinguished constant 1 € G, a unary operation G — G, g — ¢~

v1: Va1, xo, x3((z1 0 22) @23 = 1 @ (T2 @ 23)) Associative Law
vo: Ve (z el =1x) Identity Law
v3: Vz(z ezl =1) Inverse Law

We shall refer to the set {v1,7v2,73} as the group axioms. The model
class O of the group axioms is the variety of all groups. Every variety
under consideration in this paper shall be a subvariety of O. If « is the
conjunction 1 A 2 A y3 of the group axioms and o and 7 are sentences of
Ly then we shall say that ¢ and 7 are equivalent modulo the group axioms
provided the sentence 7 — (0 <> 7) is true. Every law in Ly is equivalent
modulo the group axioms to one of the form Vx(w(x) = 1) where x is a
tuple of distinct variables and w(x) is a word in at most the variables in x.
Henceforth we shall omit the universal quantifiers and abbreviate the law
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Vx(w(x) = 1) as simply w(x) = 1. From this point on we tacitly assume
the group axioms. The trivial variety E, determined by the law =z = 1,
is the isomorphism class of the one element group. All other varieties of
groups are nontrivial. Every nontrivial variety V of groups admits, for each
cardinal r, groups free of rank r relative to V. We adopt the notation F,.(V)
for a fixed, but arbitrary, group free of rank r relative to V. Any two such
groups (for fixed V and r) are isomorphic.

Convention: If E is the trivial variety and r is any cardinal, then F,.(E)
is the trivial group 1.

If G and H are groups then we say that G universally covers H provided
every universal sentence of Ly true in G is also true in H. Note that H < G
is a sufficient condition for G to universally cover H. We say that G and
H are universally equivalent or have the same universal theory and write
G =y H provided G universally covers H and H universally covers G. An
existential sentence of Lo is one of the form Ix¢(x) where x is a tuple
of distinct variables and ¢(x) is a formula of Ly containing no quantifiers
and containing free at most the variables in x. A primitive sentence of
Ly is an existential sentence of L equivalent modulo the group axioms to
one of the form 3x(A;(u;(x) = 1) A Ap(vk(x) # 1)) where x is a tuple of
distinct variables and the u;(x) and vy (x) are words in at most the variables
in x. Since the negation of a universal sentence of Ly is equivalent to an
existential sentence of Ly and vice-versa G =y H may be paraphrased as
asserting that every universal sentence and every existential sentence of
Lo true in G is also true in H (and vice-versa). It is easy to see that if
G1 =v G =v G, then G; < H < (G5 is a sufficient condition for G =y H.
A somewhat more sophisticated sufficient condition is the following. H < G
and every finite system

of equations and inequations ( in finitely many variables x = (z1, ..., x,))
which has a solution in G must also have a solution in H. To see that
this is so observe that G universally covers H; so, it will suffice to show
that every existential sentence of Ly true in G must also be true in H.
Now we may assume that the matriz @(x) of the existential sentence
Ixp(x) is written in disjunctive normal form modulo the group axioms
Vi(Aj(ui5(x) = 1) A Ag(vik(x) # 1)). The sentence is then equivalent to
the disjunction V;3x(A;(u; ;(x) = 1) A Ak(v; k(x) # 1)) of primitive sen-
tences. Since a disjunction is true provided at least one of the disjuncts is,
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it suffices to prove that every primitive sentence of Ly true in G is also true
in H; hence, the sufficiency of the above criterion is established.

We say that two groups G and H are elementarily equivalent and write
G = H provided G and H satisfy the same sentences of Lg. A theorem
of Vaught (Theorem 4 of Chapter 6, Section 38 in [G]) asserts that , if V
is any variety and r and s are infinite cardinals, then F,.(V) = Fs(V). In
particular, F,.(V) =y F4(V) when r and s are infinite.

Let n be a positive integer. The Burnside variety B,, of exponent n is
the variety of groups determined by the law 2™ = 1. Adian proved that, for
all sufficiently large odd n,

(B1) F.(B,,) is infinite for all » > 2; moreover, every finite subgroup of
F.(B,,) is cyclic.

and

(B2) The centralizer of every nontrivial element in F,.(B,,) is cyclic for
all r > 2.

Sirvanjan proved that, for all sufficiently large odd n,

(B3) F,,(B,) embeds in F»(B,,).

We shall call an integer n > 0 an Adian-Sirvanjan integer provided
(B1), (B2) and (B3) hold for B,,. A prime Adian-Sirvanjan integer p shall
be an Adian-Sirvanjan prime.

Every member G of a variety V of groups is a homomorphic image of
a group F,.(V) free in V. If there is an epimorphism ¢ : F.(V) — G such
that r is finite and Ker(1)) is the normal closure in F,.(V) of finitely many
elements of F,.(V), then G is finitely presented relative to V.

3. Varieties and Discrimination

We begin by remarking that, although we chose to live in the world of
groups, the results of this section go through in the context of universal
algebra.

Let 'V be a nontrivial variety of groups. Let F,,(V) be a group free of
countably infinite rank relative to V. Suppose {a1, ag, ...} = {an+1 : n < w}
freely generates F,, (V) relative to V.

Definition 3.1. [N] A group G € V discriminates V provided G dis-
criminates F, (V).

Now G € V discriminates V just in case, given finitely many elements

wi(ay; ... an) # 1
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in F,(V), there is a homomorphism ¢ : F,(V) — G such that
Y(wk(a,...,an)) # 1 for all k. This is equivalent to the following. Given
finitely many words wy(z1, ..., ) such that none of the equations

wk‘(xla axn) =1

is a law in 'V, there is a tuple (g1, ..., gn) € G™ such that w(g1,...,9n) # 1
for all k.

Convention: The trivial group 1 discriminates the trivial variety E.

Definition 3.2. Let V be a variety of groups. V is finitely discrim-
inable provided there is a finitely generated group G € V such that G
discriminates V.

Lemma 3.1. V is finitely discriminable if and only if there is a positive
integer r such that F,.(V) discriminates V.

Proof: 1t G = F,(V) discriminates V for some integer r > 0, then V is
discriminated by an r-generator member; hence, it is finitely discriminable.
Suppose V is finitely discriminable. Suppose r is a positive integer and
G = (b1, ...,b,) € V discriminates V. Let F,.(V) be freely generated relative
to V by ay,...,a,. Then we get an epimorphism 1 : F,.(V) — G, a; — b;,
1<t <r.

Suppose that wg (21, ..., z,) are finitely many words such that none of
the equations wg (1, ..., z,) = 1 is a law in V. Then there are elements g; =
w; (b1, ..oy br)y 1 <4 < nin G such that wg (uq (b1, .oy bp )y ooy un (b1, ..., b)) £ 1
for all k. It follows that wg(u1 (a1, ..., ar), ..., un(a1, ...,a,)) # 1in F.(V) for
all k. Hence, F,.(V) discriminates V. l

Definition 3.3. Let V be a finitely discriminable variety of groups. Then
min{l <r < w: F.(V) discriminates V} is the index of discrimination
of V. If m is the index of discrimination of V, then

D(V) = {E(V):m <r<uw)

Theorem 3.1. [GS] Let 'V be a finitely discriminable variety of groups.
Let r > 1 be a cardinal. Then F,.(V) =y Fy(V) for all cardinals s > r
if and only if F.(V) discriminates V. In particular, if m is the index of
discrimination of V, then Fp, (V) =y Fs(V) for allm < s < w.
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Theorem 3.2. Let 'V be a finitely discriminable variety of groups with
index of discrimination m. Let G € V be F,,(V) inclusive. If D(V) dis-
criminates G, then G =y F,, (V).

Proof: Assume D(V) discriminates G. It will suffice to show that, if

vp(z1, ) #1 1<k<K

has a solution (g1, ..., g,) € G™, then it has a solution over F,,(V). Since
D(V) discriminates G there is an integer r > m and a homomorphism
Y : G — F.(V) such that ¥(vk(g1,...,9n)) # 1 for all 1 < k < K. Tt follows
that the primitive sentence

Elxla "'axn(/\j(uj(xla axn) = 1) A /\k(vk<x17 71'71) 7£ 1))

is true in F.(V). But since F,.(V) =y F,,(V) the above primitive sentence
must also be true in F,, (V). Hence, the system has a solution over F,,,(V).
|

Corollary 3.1. Let 'V be a finitely discriminable variety of groups with
index of discrimination m. Let G € 'V be finitely presented relative to V
and suppose that G is F,,(V) inclusive. Then G =y F,,(V) if and only if
D(V) discriminates G.

Proof: One direction follows immediately from the theorem. Suppose G €
V is finitely presented relative to V, is Fy,,(V) inclusive and G =y F;,, (V).
Suppose (a1, ..., an; R1, ..., Ry)v is a finite presentation of G relative to V.
Let wg(ay,...,an), 1 < k < K be finitely many nontrivial elements of G.
Then the primitive sentence

1, 2n (A (R (21, oy 2n) = 1) AN (w21, ..y zn) # 1))
holds in Gj; hence, it holds in F,,,(V) and there is (by,...,b,) € F,, (V)"
such that
Rj(b1,.iby) =1 1<j<J
wg (b1, ..,bp) #1 1 <k<K.
It follows that the assignment a; — b;, 1 < i < n extends to a homo-

morphism ¢ : G — F,,,(V) such that ¢¥(wg(ay,...,an)) # 1,1 < k < K.
[ |



July 15, 2008 18:7 WSPC - Proceedings Trim Size: 9in x 6in  volume

Burnside Groups 41

4. The Variety O of All Groups

In this section we merely review known results about universally free groups
(see Definition 4.1). These results will be contrasted later with results for
the groups G =y F»(B;) where p is an Adian-Sirvanjan prime. If O is
the variety of all groups and r > 1 is a cardinal, then we write F,. for
F.(O). F,, embeds in Fy. For example, the commutator subgroup [Fy, F)
of F5 is free of countably infinite rank. Now let 2 < r < w. Then F,, =
[Fy, Fy] < F,. < F,, from which it follows that F, =y Fy for all cardinals
2 < r < s. Thus 2 is the index of discrimination of O. The universal
equivalence of the nonabelian free groups suggests the possibility of their
elementary equivalence. Of course their universal equivalence is a far cry
from their elementary equivalence.

Suppose R is a commutative ring with 1. Within the category of unital
R-modules an object P is projective just in case every short exact sequence

O—-N—-M-—=P—0

splits. This is easily seen to be equivalent to P being a direct summand in
a free R-module. Now suppose V is a variety of groups. We define a group
P €V to be projective relative to V provided every short exact sequence
of groups in V,

1-K—-G—P—1,

splits. Essentially the same proof shows that this is equivalent to P being
a retract of a group free in V. By the Neilsen-Schreier subgroup theorem,
a group P is projective relative to the variety of all groups if and only
if it is free. The Neilsen-Schreier subgroup theorem also implies that a
group is freely separated (discriminated) if and only if it is residually (fully
residually) free. Suppose G is a nonabelian residually free group. Suppose
gh # hg in G. Then their commutator [g,h] = g~ 'h~!gh is nontrivial.
Thus, there is a free group F, and an epimorphism ¥ : G — F, such
that [¢(g),¥(h)] = ¥([g,h]) # 1. Hence, F, is nonabelian and r > 2.
Since F). is projective it is a retract in G and Fy < F, < Gj so, G is Fy-
inclusive. Nonabelian free groups, of course, satisfy the existential sentence
Jz, y(xy # yx). Other properties of nonabelian free groups are that they are
CT and even CSA. Here a group is CT or commutative transitive provided
the centralizers of nontrivial elements coincide with the maximal abelian
subgroups. That is rendered by the universal sentence

Vo, y, 2(((y # 1) A ey = yz) A (yz = 2y)) — (22 = 21)).
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Moreover, a group is CSA or conjugately separated abelian provided
maximal abelian subgroups are malnormal. That is equivalent to being CT
and satisfying the universal sentence

Vg, 2((@ £ 1) A (o = o) A (5 Yyza = 227 Yg2)) — (w2 = 22)).
Free groups are CSA.
Lemma 4.1. [B] A CT residually free group is CSA.

Proof: Suppose G is CT and residually free. Let a € G\{1} and suppose
b,g7bg € Cgla) = {z € G : ax = za}. Suppose to deduce a contra-
diction that ¢ ¢ Cg(a). Then [g,a] # 1. Thus there is a free group F
and an epimorphism ¢ : G — F such that [¢(g),v¥(a)] = ¥([g,a]) # 1.
But this is impossible. From [¢(g), ¥ (a)] # 1 we have 1(a) # 1. Moreover
»(b),0(9) (b)Y (g) € Cr((a)) and F is CSA. Hence, 1(g) commutes
with ¢ (a) - a contradiction. Hence g € Cg(a) and G is CSA.

Theorem 4.1. [B] Let G be a nonabelian residually free group. The fol-
lowing three conditions are equivalent in pairs.

(1) G is fully residually free.
(2) G is CT.
(3) G is CSA.

Proof: Lemma 4.1 has already established the equivalence of (2) and (3).
It will suffice to show that (1) and (2) are equivalent.

Suppose G is fully residually free. Let b € G\{1} and suppose a,c € Cq(b).
Assume to deduce a contradiction that ac # ca Then [a, ] # 1. Thus there
is a free group F' and an epimorphism ¢ : G — F such that ¢(b) # 1 and
[¥(a),¥(c)] = ¥([a,c]) # 1. But this is impossible. ¥(a)(b) = ¥ (b)Y (a),
P(b)(c) = ¥(e)(b) and F is CT; hence, ¥ (a)(c) = ¥(c)y(a) - a contra-
diction. Therefore ac = ca and G is CT.

Now suppose G is CT. The proof will proceed by induction on the
cardinality n of S = {g1, ..., gn} € G\{1} no element of which is annihilated
in a free homomorphic image. The result is true when n = 1 since G is
residually free. Now suppose n > 1 and the result is true for all 1 < k < n.
Suppose first that S is not contained in an abelian subgroup of G. Then
some pair of elements of S, which we may take to be g,_1 and g,, does
not commute. Thus T = {g1, ..., 9n—2, [gn—1,9n]} is contained in G\{1}
and, by inductive hypothesis, there is a free group F' and an epimorphism
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¥ : G — F such that ¥ does not annihilate any element of T. But then
1 cannot annihilate any element of S either. It remains to treat the case
where the g; commute in pairs ,which hypothesis we now assume. Since G
is a residually free CT group it is CSA by Lemma 4.1. We claim that there
is some g € G such that ¢~ 'g,g does not commute with g,_;. Otherwise,
since G is CSA, ¢g,_1 would be central in G. But a nonabelian CT group
must be centerless; so, we have arrived at a contradiction. The claim is
established. Pick one such g. Hence U = {g1,..., gn_2,[9n_1,9 *gng]} is
contained in G\{1}. By inductive hypothesis there is a free group F' and
an epimorphism 1 : G — F such that ¥ does not annihilate any element of
U. But then 9 cannot annihilate any element of S either. That completes
the induction. B

Definition 4.1. A group G =y F5 is universally free.

Theorem 4.2. [R] A finitely generated group is universally free if and
only if it is nonabelian and fully residually free.

Theorem 4.3. [KM1] A finitely generated fully residually free group is
finitely presented.

Definition 4.2. Let G be a CT group and let a € G\{1}. Let M = C¢(a).
Then the HNN-extension

(G,t; rel(G), t™'mt = m, Ym € M)
is a free rank 1 centralizer extension of G.

The above construction preserves fully residually freeness. In particular,
we have

Theorem 4.4. If Gq is fully residually free then so is every free rank 1
centralizer extension of Gy.
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Proof: By Definition 4.2, we take b € Go\{1} and let M = C¢,(b). So that
our free rank 1 centralizer extension of Gy is the group G,

G = (Go,t; rel(G,),t 2t = 2 V2 € M).
Start off by viewing G as the amalgamated free product
G:Go*M(MX <t, >

We need to show that G is fully residually free. For that purpose let g1, ..., gk
be finitely many nontrivial elements of G. Using the normal form for free
products with amalgamation (see [MKS]), we may write for each j = 1,.... k

gj—b()yjt ljbl’]...bN(j)_th N(J)]Z]

where N(j) > 0,b,; € Go\M, m,;; € Z\{0}, and z; € M. Note that
bi; € Go\M is equivalent to [b; j,b] # 1. Now since Gy is fully residually
free, there is a free group F' and an epimorphism ¢ : Gy — F such that
[o(b; ;), (b)) = @([bs;,b]) # 1 for all ¢,j. This forces (b; ;) # 1 and
p(b) # 1.

Let Cr(¢(b)) = (u). Suppose that ¢(z;) = u® for all j, 1 < j < k. Now
for each positive integer n € N, we may define an extension 1, : G — F of
@ by Yn [ao=, ¥Yn(t) = u"

Now fix a j, 1 < j < k. Could we have ¢, (g;) = 1 for infinitely many
n € N7 Suppose to deduce a contradiction that there were infinitely many
n € N such that ¥, (g;) = 1. Then

@ (bo,)u™ " (b1 j) - p (b ()1, Ju" VDT =1

for infinitely many values of n. But then by G. Baumslag’s “Big Powers
Lemma” (see Proposition 1 [GB]), we then conclude that

@(bij)u = up(b; ;)

for some ¢, with 0 <4 < N(j) — 1. Thus for that ¢(b; ;) we must have that
(b ;) € Cr(u) = Cr(p(d)) and so [¢(b; ;),¢(b)] = 1. This contradicts our
choice of .

The above contradiction shows that the set

Sj={n € N:,(g5) # 1}

is a cofinite subset of N (i.e., its complement S;- = N\S; is finite). Since
this is so for all j,1 < j < k, we must have the finite intersection

SN0 Sk % 6.
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(Note if S; N---N Sy were empty, then (S;N---NS,) =8, U---US, =N
- which is impossible since S; U--- U S, is a finite union of finite sets.)

Choose n € S1 N ---N Sk. Then 9, (g;) # 1 for all j with 1 < j < k.
Hence G is fully residually free. B

Theorem 4.5. [KM1] A finitely generated group G is fully residually free
if and only if there is a finite rank free group Gy and a finite sequence
Gog < Gy < ... <Gy, of free rank 1 centralizer extensions such that G is
isomorphic to a finitely generated subgroup of G,,.

5. The Burnside Varieties

Let n be an Adian-Sirvanjan integer. Then F,(B,,) embeds in F5(B,,). So,
if 2 < r < w, then Fy(B,,) embeds in F,.(B,,) which, in turn, embeds in
F»(B,,). It follows that F,.(B,,) =y F»(B,,) for all 2 < r < w. Thus 2 is
the index of discrimination of B,,. Moreover, since the centralizer of every
nontrivial element in F,.(B,,) is cyclic, the relatively free groups F,.(B,,) are
CT. Now suppose that p is an Adian-Sirvanjan prime.

Lemma 5.1. Suppose G € B, and G is Cp, x Cp, exclusive. If G is CT,
then G is CSA.

Proof: Suppose G € B,,, G is C), x C, exclusive and G is CT. Let a € G\{1}.
Then Cg(a) = (a) = C,. Suppose g~ 1bg € (a) for some 1 # b € (a). Since
(a) = (b) we may assume b = a. Then g~ 'ag = a™ and a = g~PagP = a™".
But we may compute exponents modulo p and, by Fermat’s Little Theorem,
a™ = a™. Therefore, a™ = a and g 'ag = a. So g € Cg(a) = (a). Hence,
Gis CSA. 1

Corollary 5.1. The relatively free groups F,.(B,) are CSA.

Proof: Since the centralizer of every nontrivial element is isomorphic to C,,,
one has that F,.(B,) is CT and C), x C, exclusive. B

More generally, if n is any Adian-Sirvanjan integer, then the free groups
F.(B,,) are CSA. To see that let G = F,.(B,,) where r > 2. Let a € G\{1}.
Let Cg(a) = (b). Suppose g~1(b)g intersects (b) nontrivially. Since G is CT
we must have, in that event, g~ (b)g = (b). Consider the subgroup H =
(g,b) < G. Observe (b) is normal in H and the quotient H/(b) is generated
by the image of g - an element of finite order. Then |H| = |(b)|[H : (b)] < cc.
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Then H must be cyclic. But Cg(a) = (b) < H is maximal cyclic. Hence,
H = (b) and g € (b) = Cg(a). It follows that C(a) is malnormal in G.
Hence, G is CSA.

Theorem 5.1. Suppose G € B, is CT and C, x C, exclusive. If G is
separated by D(B,), then G is discriminated by D(B,).

Proof: The proof will be by induction on the cardinality n of § =
{915 --»9n} € G\{1} no element of which is annihilated by a homomor-
phism into a group free in B,. We have the result for n = 1 since G is
separated by D(B,). Now suppose n > 1 and the result is true for all
k with 1 < k < n. Assume first that S is contained in an abelian subgroup
of G. Then {(g1) = ... = (gn) = C, and so g; = g{"* where p does not
divide m; for 2 < ¢ < n. Now, since D(B,) separates G, there is r > 2
and a homomorphism ¢ : G — F.(B,) such that ¥(g1) # 1. But then
¥(gi) = Y(g1)™ # 1 for all 2 < i < n. Hence, 1 does not annihilate
any element of S. Now suppose at least one pair of elements of S does
not commute. We may assume that g,_1 and g, do not commute. Then
T={g1,-, 9n—2, [gn—1, gn]} is contained in G\{1} By inductive hypothesis
there is » > 2 and a homomorphism ¢ : G — F,.(B,) such that ¢ does
annihilate any element of T. But then ¢ does not annihilate any element
of S either. That completes the induction. l

Observe that, since F5(B,,) satisfies the universal sentence

Va,y(((x # 1) A (zy = yz)) — VI_o(y = 2%)),

every group G =y F»(B,) is C), x C,, exclusive. More generally, if n is any
Adian-Sirvanjan integer and

G =v FQ(BTL),

then, for every g € G\{1}, one has that C(g) is cyclic. To see that consider
the universal sentences

(ul) vJ"laq'?((xle = wal) - V0§k17k27m1,m2<n(($1 = (x?lnl‘rgu)kl) A
(w2 = (2" 25")")) and

(U2) V21, .oy Tpg1 (Nicj(TiT) = T75) — Vicj(Ti = T5)).

Both hold in F»(B,,) since every abelian subgroup of F5(B,,) is cyclic of
order at most n. Hence they both hold in G. (ul) asserts that every abelian
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subgroup is locally cyclic and (u2) asserts that every abelian subgroup has
at most n elements.

Suppose that n is a composite Adian-Sirvanjan integer. Let 1 < d < n
be a divisor of n. Let B be freely generated in B,, by {ai,as,a3} and let
A be the subgroup generated (necessarily freely) by {a1,az}. Let G be the
subgroup of B generated by {al,ag,a:?}. Since F5(B,) = A< G < B =
F5(B,,) =v F3(B,,) we have G =y F»(B,,). But the finitely generated group
G cannot be free in B,, since its abelianization, isomorphic to C), x C, x Cy,
has order n?d which is not a power of n. For an Adian-Sirvanjan prime p
are there any finitely generated G =y F»(B,,) which are not free in B,,? We
ponder that question in the next section.

We conclude this section with a proof that cyclicity of finite subgroups
is inherited by models of the universal and existential theory of the free
Burnside groups.

Theorem 5.2. Let n be an Adian-Sirvanjan integer and assume
G =v F2 (Bn)
Then every finite subgroup of G is cyclic.

Proof: For each positive ineger N the universal sentence
VY, ~-~7-'17N(/\i§j Vi (.’Eil‘j = .’Ek) — /\i<j(-'17imj = Ll?jl'l))

holds in F5(B,,) since every finite subgroup is abelian. Thus every finite
subgroup of G is abelian. But we have already seen that every abelian
subgroup of such G is cyclic. B

6. A Possible Non-Free Model and a Question of Philip
Hall

If G is a group and H < G let HY be the normal closure of H in G. If
H,K < Glet [H, K] be the subgroup generated by {[h, k] : (h,k) € Hx K}.
If G; and G4 are groups let G; * G2 be their free product. Let V be a
variety of groups and G be a group. Let V(G) be the intersection of the
family of subgroups K normal in G such that G/K € V. Then V(G),
the verbal subgroup of G corresponding to V, is fully invariant in G and
is the least normal subgroup K in G such that G/K € V. We define
(following Hanna Neumann [N] and Magnus, Karrass, Solitar [MKS]) the
verbal product G v Go as T'/([G1,Ga]' N V(T)) where I' = G * Ga.
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If G1,G2 € V then Gy *yv G2 € V and each of G; and Gy embeds in
G1*xvGa. Moreover *y restricted to groups in 'V is the coproduct in V. That
means essentially that if G1, G4, G € V then every pair of homomorphisms
¥; 1 G; — G, 1= 1,2, uniquely determines a homomorphism

¢2G1*VG2—>G.

Among other results one has that F,.(V) is the verbal product relative to
V of r copies of Fy (V). Moreover, if G1, Gy € V, then each of G; and G5 is a
retract of G xy G2. We observe GG is a retract since if ¥ : G1 xyv G2 — G
is the homomorphism determined by ¥; : G; — G7 and ¥y : Go — Gy
where 1) is the identity automorphism and )5 is the trivial map s (z) = 1
for all z, then 1 is a retraction from G; *v G2 onto G1. Similarly G5 is a
retract of Gy *yv G3. Furthermore, G *v G» is generated by the embedded
images of G1 and G5 and, if H; < Gy, i = 1,2, then the subgroup (Hy, H)
of G1 *v G2 has the verbal product decomposition Hy xv Ho.

Now let p be an Adian-Sirvanjan prime. Let %, denote the verbal prod-
uct with respect to the variety B, and let K, be the Kostrikin variety
of locally finite groups satisfying the law 2P = 1. Let s, be the verbal
subgroup operator corresponding to K,. Suppose r > 2 is finite. Then
F.(K,) = F.(Bp)/kp(F(By)) is a finite group. Since k,(F,.(Bj)) has fi-
nite index in the finitely generated group F,(B,) it must itself be finitely
generated. However, k,(F,(B,)) is perfect (i.e. it coincides with its com-
mutator subgroup). Therefore it cannot be free in B,,. This is so since the
abelianization of Fy(B,) for any cardinal d > 1 is a vector space of dimen-
sion d over the p element field. Now let F' = F4(B,) be freely generated
relative to By, by a1, az, ag and a4. Let A be the subgroup generated (neces-
sarily freely) by as and a4 and let B be the subgroup generated (necessarily
freely) by a; and as. Let C' = k,(A) so that C is finitely generated and
perfect. F = B %, A. Consider the subgroup G = (B,C) = B %, C. Now
F,(B,) = B< G < F = Fy(B,) =v F»(B,). It follows that the finitely
generated group G is universally equivalent to F(B,). Observe that, if G
were free in B, then the retract C' of G would be projective relative to B,.

Here we observe a connection with Problem 21 of [N], which problem is
attributed to Philip Hall. The question posed is the following. Suppose V is
a variety of groups of exponent zero or prime power. If P € V is projective
relative to V must P be free in V? Note that a positive answer to Philip
Hall’s question in the case of exponent an Adian-Sirvanjan prime would
imply that G is not free in B,,.
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Kovécs and Newman [KN] report that Philip Hall’s question has a neg-
ative answer in the case of exponent zero; however, to the best of our
knowledge the question remains open for prime power exponent. Other
conditions would also imply that G is not free in B,. Suppose we de-
fine the Rank of a group to be the minimum cardinality of a set of gen-
erators. A consequence of the Grushko-Neumann Theorem asserts that
Rank(Gy * G2) = Rank(G1) + Rank(Gz). Now C = C' < G’ so G/G' =
Cp x Cp. If G were free it would have rank 2 and, since it is nonabelian,
Rank(G) = 2 also under the assumption of freeness. But, if it were the
case that Rank(G1 %, G2) = Rank(G1) + Rank(G2) for all G1,G2 € B,
we would have Rank(G) = Rank(B) + Rank(C) = 2 + Rank(C) and
Rank(C) > 0 since C # 1. Thus, if the analog of the Grushko-Neumann
corollary holds for B, then G cannot be free in B,,. Suppose the finite rank
free groups F.(Bp), 2 <r < w are Hopfian. As just argued, if G were free
in By, then rank(G) = 2. Say G were freely generated by bjand be. Now let
1 : G — G be the endomorphism determined by ¥ : B — G, ¢2 : C — G
where 11 is the homomorphism determined by a; — b;, ¢ = 1,2, and ) is
the trivial map ¢s(2) = 1 for all z. Then ¢ is an epi-endomorphism with
1 # C < Ker(y). That would contradict the Hopf property. Hence, if the
free groups F,.(B,), 2 < r < w are Hopfian, then G cannot be free in B,,.
As far as we know it also is an open question as to whether or not these
free groups F.(B,) are Hopfian.

7. Questions

Let G be a group and let n be a positive integer. Let (x1, ..., 2,; ) be free on
the n distinct elements x1, ..., Z,,. Let w € G*(x1, ..., xp; ). View the formal
expression w = 1 as an equation over (G in the variables z1, ..., z,. Now
every assignment x; — g; € G, 1 = 1,...,n, extends to a unique retraction
Y G*{(x1,...,xn; ) — G. Call the tuple (g1,...,9,) € G™ a solution to
w = 1 provided w € Ker(v). For each subset S C G * (1, ...,xn; ), let
Vi (S) € G™ be the solution set to the system w = 1, w € S of equations. G
is equationally Noetherian provided for every positive integer n and every
subset S C G * (x1,...,x,; ) there is a finite subset Sy C S such that
Va(S) = Ve (S).

Question 1: If n is an Adian-Sirvanjan integer and v > 2 is an integer
must F.(Byp) be equationally Noetherian?
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Question 2(Philip Hall): If V is a variety of groups of prime power
exponent and P €V is projective relative to V. must P be free in V' ¢

Question 3: Suppose we define the Rank of a group to be the minimum
cardinality of a set of generators. Let p be an Adian-Sirvanjan prime and
let x, be the coproduct in B,. If G1,G2 € B, must Rank(G; %, G2) =
Rank(G1) + Rank(G2)?

Question 4: If p is an Adian-Sirvanjan prime and r > 2 is an integer
must F.(Bp) be Hopfian?

Question 5: If n is an Adian-Sirvanjan integer and H € B, is finitley
generated and universally equivalent to F»(B,,) must H be embeddable in
some F.(B,)?

Question 6: If n is an Adian-Sirvanjan integer and 2 < r < s < w
must F.(By) = Fs(B,)?
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We show that if A is a k X n matrix over a principal ideal ring R, with k < n,
and if d is any element of the ideal generated by the k X k minors of A, then A
forms the top k rows of an n X n matrix of determinant d. This parallels a 1981
result of Gustafson, Moore, and Reiner, and continues a program initiated by
Hermite in 1849. Then we use these results to obtain an extension of a 1997
result of Richter and Wardlaw for good matrices.
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1. Introduction

If Ais a kxn matrix with & < n, the matrix completion problem intiated
by Hermite asks if A can be completed to an n x n matrix with prescribed
determinant d. Gustafson, Moore, and Reiner, at the beginning of [5], give
a brief summary of the history of the problem of completing a k X n matrix
with & < mn over certain commutative rings to an n x n matrix over the
same ring with appropriate determinant. They also include references to
some of the principal players in this program initiated by Hermite in 1849.
In our contribution below, we show in Theorem 1 that principal ideal rings
are among the rings over which this matrix completion is always possible.
Theorem 2 states the relationships between six properties of a k X n matrix
over a commutative ring. It extends a similar theorem in [9] by giving a
best possible exposition of these relationships. Finally we show in Theorem
3 that if such completions are always possible over each ring in a given
collection of rings, then they are also always possible over the unrestricted
direct product of the collection.

Throughout this paper, R will denote a commutative ring with identity.
If Ais a k x n matrix over R with & < n, then Dy(A) denotes the ideal
of R generated by the k x k subdeterminants of A. We say that A has left
block form if A is equivalent over R to a matrix E = [L 0], where L is a
kE x (k4 1) matrix over R and 0 is the k x (n — k — 1) zero matrix over
R. That is, there are matrices P € GL(k, R) and Q € GL(n, R) such that
PAQ = [L 0]. Note that if k =n — 1 or k = n, the 0 block is missing and
E = L; indeed, we can take A= F = L.

2. Results

The following lemma was proved but not explicitly stated in [5], and was
used to prove their main result. For the sake of completeness, we include a
proof here.

Lemma. Let A be a kxn matrixz over the commutative ring R with identity,
let k < n, and let d € Di(A). If A has left block form over R, then A
enlarges to an n X n matriz A* over R whose determinant is d and whose
top k rows form the matrix A.

Proof. Let P € GL(k, R) and Q € GL(n, R) be such that PAQ = E =
[L 0], where L is k x (k + 1). Clearly, Dy(A) = Dy(E) = Di(L). Let
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cj = (—1)F1*+idet(L;), where L; is the k x k submatrix of L obtained by
deleting the jth column of L. Thus we can write d € Dy(A) as a linear
combination d = Y a;jc; = det(L*), where L* is the (k+1) x (k+1) matrix
obtained from L by adding [a; as - - axt1] as its last row. Let p = det(P)
and ¢ = det(Q), and multiply the last row of L* by the unit pg to obtain
the matrix M* with det(M*) = pdq. Now let E* be the direct sum of M*
and the (n —k — 1) x (n — k — 1) identity matrix I,,_x_1; thus,

M* 0 E
Er = =
0 )=
is an m x n matrix over R with det(E*) = pdq whose first k& rows form the
matrix £ = PAQ. It follows that the matrix

I s [PTIEQY] [ A4
S A O W R

has det(A*) = d and its first k& rows form the matrix A. a
Our first main result is

Theorem 1. Suppose that R is either a Dedekind domain or a principal
ideal ring, and that A is a k X n matriz over R with k < n. If d is any
element of Dy, (A), then there is an nxn matriz A* over R with determinant
det(A*) = d whose first k rows form the matriz A.

Proof. In view of our lemma, we need only establish that A has a left
block form over R for each of the two cases.

When R is a Dedekind domain, Theorem 1 is the main result of [5],
where they proved a lemma that every k£ x n matrix over a Dedekind do-
main R has a left block form over R. They comment that this lemma was
established in a more general form by Levy [6] in 1972.

When R is a principal ideal ring, W. C. Brown shows in [2, Thm. 15.24,
p. 194], that every matrix over R has a Smith normal form. When A is
k x n over R with k < n, its Smith normal form is a left block form for A
over R. m|

Since every principal ideal domain is also a Dedekind domain, Theorem
1 only extends the result of [5] when R is a principal ideal ring with nonzero
divisors of zero.

We were especially interested in the connection between Theorem 1 and
the 1997 result [9] regarding good matrices. In [9], R was a commutative



July 15, 2008 18:7 WSPC - Proceedings Trim Size: 9in x 6in  volume

Matriz Completions over Principal Ideal Rings 55

ring with identity and an r x n matrix A over R was defined to be left good
if, for every vector x in R!*", the ideal (xA) generated by the entries in
the vector xA is the same as the ideal (x) generated by the entries of the
vector x. Our lemma allows us to extend the Main Theorem of [9] to our
second main result.

Theorem 2. Consider the following statements about an r X n matriz A
over the commutative ring R with identity.

(1) The rows of A extend to a basis of R1*".

(2) A can be enlarged to a matrizx A* € GL(n, R).
(3) A has a Smith normal form [I, 0].

(4) A has a right inverse over R.

(5) D,(A) = R.
(6) A is left good.
Then

(a) The statements (1), (2), and (3) are equivalent over any commutative
ring R with identity.

(b) The statements (4), (5), and (6) are equivalent over any commutative
ring R with identity.

(¢) The statement (3) implies the statement (4) but in general they are not
equivalent.

(d) If A has left block form then all siz statements are equivalent.

Proof. Theorem 2 (a), (b), and (c¢) was proved in [9], except for the
implications (2) = (3) and (5) = (4), and the fact that (4) = (3).

The statement (2) means that there is an (n — ) X n matrix A’ over R
and an n x n matrix B* over R such that

= [3

and A*B* = [ is the n X n identity matrix. But then it is clear that
AB* = [I,. 0] is a Smith normal form for A. That is, (2) = (3).

The implication (5) = (4) is immediate from [8, Cor. 1.28, p. 84]. How-
ever, for the sake of completeness we give the following elementary proof.
If M is any m X n matrix over R and v = (cq, -+, ¢,) a vector of column
indices of M, so that 1 < ¢; < n, we let M(v) denote the m x r subma-
trix of M whose jth column is the c;jth column of M. It is easy to see
that if I,, is the n x n identity matrix, then M(v) = M I,(v). Now each
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r-subset {c1, -+, ¢, pof {1, 2, -+, n}withl <e¢ <ca<--<c¢ <n
corresponds uniquely to a vector v = (¢q, -+, ¢), and we can number
these vectors (perhaps lexicographically) vy, v, -+, vy with N = (7;)
Let dj = det(Aj) with Aj = A(Vj). Then DT(A> =R implies 1= ijdj
for scalars by, by, --- ,by in R. Now, for each j = 1,2, --- N, let B; be
the n x r matrix B; = I,(v;)Adj(A;), and let B be the n x r matrix
B = ZbJBJ Then

AB = bjAB; =Y b;AL(v;)Adj(4;)
= ZbJAJAdj(AJ) = ijdjjr = IT

and (4) A has a right inverse B. That is, (5) = (4).

The following example from [4], attributed to Kaplansky in [1, p. 7],
shows that (4) % (3) in Theorem 2 (c¢), and hence the result of Theorem
2 (c) is the best possible. Let R be the ring of polynomials in z, y, z over
the real numbers modulo the ideal generated by x? 4 32 4+ 22 — 1. This
is the ring of polynomial functions on the standard 2-sphere in 3-space.
The 1 x 3 matrix A = [r y 2] has a right inverse AT. If it had a Smith
normal form [1 0 0], then there would be a matrix @ € GL(3, R) such that
AQ = [1 0 0]. Assume such a @ exists with last column q = [f g h]T.
Then A q =xf+yg+zh = 0 for all points on the 2-sphere. Thus q provides
a tangent vector field to the 2-sphere which, because of independence of the
columns of (), is never zero on the 2-sphere. But no such vector field exists,
as is shown in [3, p. 70]. This contradiction shows (4) # (3). (In fact, the
same argument shows directly that A does not have a left block form, since
that would require an invertible @ with AQ = [u v 0].) This completes
the proof of Theorem 2 (a), (b), and (c).

To establish (d), we first observe that when r = n, the implication
(4) = (2) is a tautology. Then we use our lemma to show that (5) =
(2) when r < n and A has a left block form over R. It is clear from (5)
that 1 € R = D,(A). By our lemma, A can be enlarged to a matrix A*
with determinant 1 when r < n. It is well known that a matrix over a
commutative ring R with identity is invertible over R if and only if its
determinant is a unit in R. (See [7, Thm. 50, p. 158].) Hence (5) = (2). O

We remark that if A is an (n — 1) X n matrix over R, then it is already
in left block form, so statements (1) - (6) of Theorem 2 are equivalent.
In particular, if A has a right inverse, then it extends to an n X n matrix
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which is invertible over R. (The latter was shown using an outer product
argument in [9].)

Recall that in the proof of Theorem 1 we observed that if R was either
a principal ideal ring or a Dedekind domain, then every r X n matrix over
R with » < n had a left block form. Thus we have the following corollary
to Theorem 2.

Corollary. If R is a principal ideal ring or a Dedekind domain, then
statements (1) - (6) of Theorem 2 are equivalent.

This corollary extends the Main Theorem of [9] from principal ideal rings
to rings which are either principal ideal rings or are Dedekind domains. Our
next theorem allows further extension of the class of rings for which certain
properties mentioned above hold.

Let R be a commutative ring with identity. Then R has property L if
every r X n matrix A over R with r < n has a left block form over R. R
has property C if every r x n matrix A over R with r < n has, for each
d € D,.(A) an n x n completion A* with det(A*) = d. R has property G if
statements (1) - (6) of Theorem 2 are equivalent for every r x n matrix A
over R with r < n. Note that L = C = G, by our Lemma and Theorem
2.

Theorem 3. Let P be any one of the properties L, C, or G, and let R =
@;R; be the unrestricted direct sum of the commutative rings R; (j € J),
where each R; has identity 1;. Then R has property P if and only if each
R; has property P.

Proof. We consider R to be an internal direct sum, so each R; is a
subring and an ideal of R. For each a € R, a; = al; denotes the projection
of a into R;; we call a; the j-component of a. Thus (a;)r = 0 if j # k and
(a;); = aj for all j, k € J. If Ais a matrix over R, then we let A; = 1;A
be the matrix of the same size over R; obtained by replacing each entry in
A by its j-component. We write A;» to denote a matrix chosen with entries
in R;, to distinguish it from the j-component A; = 1;A obtained from a
matrix A already chosen with entries in R. In the proofs below, we will
often define a matrix A over R by first specifying a matrix A; over R;
for each j € J, and letting A be the matrix of the same size over R with
j-component A; = 1;A = A7.

Now suppose that R has property L and that A} € (R;)"™" with r < n.
Since A € R™", there are matrices P € GL(r, R) and Q € GL(n, R) such
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that PA;Q = E = [L 0], with L € R"™*("tD). But A} = 1;A’ implies that
PASQ = P(1;4)Q = (1,P)(4})(1;Q) = PjA}Q; = E = E; = [L; 0] with
Pj € GL(r,R;) and Q; € GL(n, R;). Thus, R; has property L.

On the other hand, suppose that for each j € J, R; has property L,
and that A € R™" with r < n. Then A; € (R;)"*" for each j € J,
and so there are matrices P; € GL(r, R;) and Q) € GL(n, R;) such that
PjA;Q = [L}; 0] with L € (R;)™ "™V, Let P € R™" be the matrix
with j-component 1;P = PJ{ and let Q@ € R™ ™ be the matrix with j-
component 1;Q = Q' for every j € J. It is easy to see that P € GL(r, R),
Q € GL(n,R), and PAQ = [L 0] with L € R™ "1 such that 1;L = L/
for each j € J. Thus, R has property L.

Now suppose that R has property C and that A} € (R;)™" with r <n
and d € D,(A]). Since A} € R™", there is an A* € R"*" whose first
7 rows form the matrix A’ and with determinant det(A*) = d. But the
first © rows of 1;4* = (A4%); € (R;)"™" also form the matrix A} and
det((A*);) = d = d;. Thus, R; has property C.

On the other hand, suppose that for each j € J, R; has property C,
A€ R™" with r < n, and d € D,(A). Foreach j € J, 1;A=A; € (R;)"*"
has 1;d = d; € D,(A;) and has an n x n completion (A4;)* over R; with
det((A;)*) = d = dj. Let A* be the n x n matrix over R with 1;A* =
(A*); = (A;)* for each j € J. Since det((A*);) = d; for each j € J, it
follows that det(A*) = d. Since the first r rows of (A*),; form the matrix
A; for each j € J, it follows that the first 7 rows of A* form the matrix A.
That is, A* is the n X n completion of A with determinant d. Hence, R has
property C.

Suppose R has property G and that A7, (B;-)T € (R;)7*™ satisty
A B} = (I);, which is statement (4) of Theorem 3 for the ring R;. Let
E =I, 0]-[I, 0];, A= E+ A}, and B = E" 4 Bj. Note that A; = [I,. 0],
ifi#j,A; = A}, and similarly for B. Then AB = I, shows that A satisfies
(4) for the ring R. Since R has property G, A must also satisfy (2), so A
has an invertible completion A* over R. It follows that (A*); € GL(n, R;)
is the n x n completion of A; = A} over R;. Thus, (4) = (2) in Rj, so R,
has property G.

Finally, suppose for each j € J that R; has property G and that A,
BT € R™*" satisfy AB = I,. Then A;B; = (I,); for each j € J, and so
property G ensures that each A; can be completed to an (4;)* € GL(n, R;).
Now let A* be the n X n matrix over R with j-component 1;A4* = (4*); =
(A;)*. Then A* € GL(n, R) and its first r rows form the matrix A. Thus
(4) = (2) in R, so R has property G. a
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